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6 Multipliers in the
Input—-Output Model

6.1 Introduction

One of the major uses of the information in an inpul—output model is to assess the
effect on an economy of changes in elements that are exogenous to the model of that
economy. For example,

Leontiel input—output economics derive their significance largely from the fact that oulput multiplicrs
measuring the combined effects of the direct and indirect repercussions of 4 change in final demand
were readily calculated. (Steenge, 1991, p, 377.)

In Chapters 2 and 3 we presented several numerical illustrations of the ways in which
assumed changes in final-demand elements (e.g.. federal government spending. house-
hold consumption, exports) were translated, via the appropriate Leontief inverse. to
corresponding output changes in the industrial sectors of the economy. When the exoge-
nous changes oceur because of the actions of only one “impacting agent™ (or a small
number of such agents) and when the changes are expected to oceur in the short run
{e.g.. next year), this is usually called impact analvsis. Examples are a change in federal
government defense spending or in consumer demand for recreation vehicles.

On the other hand, when longer-term and broader changes are examined. then we are
dealing with projections and forecasting. If we project the levels of final demand for
outputs of all sectors in an economy five years hence, and estimate, using the Leontief
inverse, the outputs from all sectors that will be needed to satisfy this demand. this
is an exercise In forecasfing. As the period of projection gets longer, the accuracy of
such an exercise tends to decrease, both because our ahility to Forecast the new final
demands accurately (the elements of £) will diminish and 2150 because the coefficients
matrix —the elements of A and hence of L — may have become outdated. (The issue of
temporal stability of input—output coefficients is examined in Chapter 7.) If the model
is built from commodity—industry accounts, then it is the matrices B, C and/or I that
may become out of date.

In either impact analysis or forecasting, the general form of the model is x = LT Jor
Ax = LAFK], and the usefulness of the result. x {or Ax), will depend on the “correctness™
of both the Leontief inverse and the final-demand vector. Our primary concern in this
section is with the elements ay;. and hence with L ={I — A)' The I {or AT) vector
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incorporites the assumed or projected behavior of one or more final-demand elements.,
and accuracy in the estimation of these elements is also of paramount importance
to generating an accurate result. When the question 1s one of impact. then the final-
demand value or values are usnally completely specitied — for example, what is the
impact, by sector, of a new order for 52.5 million worth of sector j output by the federal
government? Then Af contains 2.5 (million) in the fth row and zeros elsewhere.

Alternatively, to find x for some future year requires a projection of both A and f
to that year. We will investigate some of the approaches for changing A over lime in
Chapter 7. The projection of f is a probiem that s often approached via econometric
models. The input—output forecasts of 1985 industrial outputs (and employment) for the
US economy in Almon et al, (1974, Chapters % and 9} depend on detailed and painstak-
ing projections of each of the components of final demand — personal consumption
expenditures, investment in capital equipment, construction, inventories, imports and
expons, and government expenditures {1974, Chapters 2 through 7. respectively k. In
some but by no means all “joined” input—output and econometric models. the economet-
ric model provides a forecast of the final demands. which then “drive” the input—output
model. (There is a growing litersture on this issue of the interactions between input—
output models and econometric models, particularly at the regional level. Some of this
is explored in Chapter 14.)

A number of summary measures. derived from the elements of L. are often employed
in impact analysis: these are input—output multipliers. We examine multipliers in this
chapter.

6.2  General Structure of Multiplier Analysis

Several of the most frequently used types of multipliers are those that estimate the
effects of exogenous changes on (a) cutputs of the sectors in the economy, (b) income
earned by households in esch sector because of the new outpuots, (¢}employment {jobs,
in physical terms) thal is expectad 1o be generaled in each sector because of the new
outputs and (d) the value added that is created by each sector in the economy hecause
of the new outputs. We examine these in this section.

The notion of multipliers rests upon the difference between the initial effect of an
exogenous change and the tofad effects of that change. The total effects can be defined
either as the direct and indirect effects (found from zn input—output model that is open
with respect to households) or as direct, indirect and inditced effects (found from a
model that is closed with respect to households)." The mulupliers that incorporate
direct and indirect effects are also known as simple multipliers. When direct, indirect
and induced effects are captured, they are often called fetal mulipliers.

| In some discussions of multpliers in an inpui-output model, what we have called the initiol effect is lenmed the
direct effect. For later exposition — for cxample, in looking at shortcut methods for inding multiplicrs — when
the power serics approximation

T-A T =T+A+A T+ 4%+

will be used, ir seems tous preferable o associute “initial™ with the Iterm, “direct” with A, and “indirect” with
the remuining terms, AT Al
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6.2.1  Ouiput Multipliers

An output multiplier for sector § is defined as the total value of production in all sectors
of the economy that 1s necessary in order to satisfy a dollar’s worth of final demand for
sector ['s output.

Simple Chutput Multipliers  For the simple output multiplier, this total pro-
duction is obtained from a model with households exogenous. The initial output effect
on the economy is defined to be just the initial dollar’s worth of sector § output needed
to satisfy the additional final demand. Then. formally. the output multiplier is the ratio
of the direct and indirect effect to the initial effect alone,

We continue with the small example in Chapter 2, section 2.3, where

A5 25
i [_20 .05}

254 .33
L:[:. 4 (J}

and

264 1122

{In the remainder of this book we will sometimes keep three figures to the right of
the decimal point and sometimes four. depending on the purposes of the numerical

1
illustration.) Note that Af(l)= |:Ui| indicates an additional dollar’s worth of hnal

demand for the output of sector | only, and AF(2)= |:'l'} indicates, similarly, an

I
additional dollar’s worth of final demand for the output of sector 2 only. Consider
Afil): the implications for sectors | and 2 are found as LAf(1). Denote this by

Ax(1), so
1254 330 1[1] _[1254 .
‘“‘”‘[.264 uzz] [n}—[.zm} (&)

[Fn
Ly |
The additional outputs of $1.254 from sector | and $0.264 from sector 2 are required
for a dollar of new final demand for the output of sector | only, The $1.254 from
sector | represents $1.00 to satisfy the original new dollar of final demand plus an
additional $0.254 for intra- and interindustry use. The %0.264 from sector 2 is for
intra- and interindustry use only. The sector 1 output multiplier, mia), is defined
as the sum of the elements in the Ax(1) column, namely $1.518, divided by 51:
mie) =51.518/%1 =1.518, a dimensionless number. The $1 in the denominator is
the initial effect on sector | output of the new dollar's worth of final demand for sector
I's product: the dollar’s worth of final demand becomes an additional dollar®s worth
of sector | output as the first term in the senes assessment of total direct and indirect
effects on sector 1 production. Formally, using i' =[1 1] as wsual 1o generate column

This is, of course. just the first column of L —
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SUms
M
miay =i Ax(1) = Zfﬁi (6.2)
i=1
where 7= 2 in this example.
Similarly,
1.254 ._RD-I {ﬂ-‘ IV _33D-| {Fm]
lJ"'”‘:'[2]'=|7 w4 L1l Tl T e
264 L2200 1 (1122 [ I |
and
M
miay =i Ax(2) = Zfr—g (6.3)

i=l1

Here mio)a = 1.452. In general, the simple output multiplier for sector j is

M
mio); = E lij (6.4)

i=l

Thus, for example. if 2 government agency were trying to determine the differential
effects of spending an additional dollar (or 5100, or 51,000,000, or whatever amount)
on the output of a sector, comparison of output multipliers would show where this
spending would have the greatest impact in terms of total dollar value of output gen-
erated throughout the economy. Note that when maximum total output effects are the
exclusive goal of government spending. it would always be rational to spend all the
money in the sector with the largest output multiplier. Even with anticipated expendi-
tures of % 1LODOL000, there would be no reason. on the basis of output multpliers alone,
to divide that spending between the sectors.

Of course. there might well be other reasons — taking into account strategic factors,
equity, capacity constraints for sectoral production. and so on — for using some of the
new final-demand dollars on the output of the other sector {or sectors, whenn = 2). Note
also that multipliers of this sort may overstate the effect on the economy in question
if some sectors are operating at or near capacity and hence some of the needed new
inputs would have to be imported to the economy andfor outputs from some sectors
would be shifted from exports and kept in the economy for use as inputs. Phenomena
such as these will assume even more importance in regional models.

We see that L is a matrix of sector-to-sector multipliers. fj. relating final demand in
sector f to outpul in sector {. Cutput multipliers (column sums of L) represent sector-to-
economy multipliers. relating final demand in sector § to economy-wide output. For an n-
sector model, denote the row vector of these multipliers by mie) = [m(e)). .. .. mia, |,3

2 Sirictly speaking. one expects o row vector to include & “prime™ in its desiznation. os with x and x* in car-
lier chapters. However, here and throughout this discussion of multiplicrs we simply define various rows of
multipliers without the prime 1o save on nodationsl complexity.
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With i =[1.....1]. we have
ilx=mp

Eecror-demand -
TS8OI =l

niltipliers
e,

mio) =i L (6.5)
— e
Seclor-demanid -
To-eeamomy-wide-

cuiput multipliers

We will see that many additonal input—output multiplier varations build on this rep-
resentation. All that is required 1s o alter the elements in the multpliar matrix so that
instead of {Afj = 1} — {Ax;) they represent (Aff=1) — (some [unction of Ax). such
as employment or energy use or pollution emissions.

Total Ouput Multiplicrs 1 we consider the input coefhicients matrix closed
with respect to households (as described in section 2.5) we capture in the model the
additional induced effects of household income generation through payments for labor
services and the associated consumer expenditures on goods produced by the vari-
ous sectors. Continuing with the example from section 2.5, the augmented coefficient
matrix, with an added household row and column, was

15 25 .05
A= |20 05 .40

30 25 .05

and the Leontief inverse. with elements {j;. was

1.365 0425 0.251 i i
Lo(a_Ay'=|0527 1348 03595 | _| " = (6.6)
0.570 0.489 1.289 e
as in (2.7) but rounded here to three decimals, We have added the partitioned matrix
representation because it will be useful in much of what follows in this chapter. Clearly,
the elements in L = [/j;] also relate final-demand changes w sector outputs, only now
these are in a model with households endogenous, and hence the effects tend to be
larger.
To assess the impact of a new dollar’s worth of final demand for sector | output,
1
we would now form the three-element veclor AT(1) = | 0 | (meaning no exogenous
]
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change in demand for sector 2 output or for labor services), and find exactly the first
column of L, namely
) 1.365
Ax(1) = Laf(1) = | 0.527
0570

[Compare (. 1) above.] Adding these elements gives a parallel to (6.2),

n+1
o)y =1 AR(1) = 2‘:?,. = 2.462 (6.7}

i=l

with n =2, as before but now with i’ =[1. 1. I]. {In what follows we assume thati ori’
always has appropriate dimensions for the multiplication in which it is involved.)

Sums of the first n elements in each of the columns of L (n=2 for our example)
represent the total output multiplier effects over the onginal # sectors only — the trun-
cated output multipliers. They can be found asi'L;;. When interest is centered on the
total cutput multipliers for the original n sectors (for example, to be compared with
the simple output multipliers for these same n sectors), these frimcated output multi-
pliers are of interest. Denote these fruncated total output multipliers by mlo(f)];: here
mlodr)]) = 1.892,

The total output multiplier for sector 2 is

41
o) = E fin = 2.262 i6.3)

=1
and m{oir]; = 1.773. In general. for sector j. the total output multiplier is given by

n+l
mio) = Z Iy (6.9)
i=1
n_
and the truncated total output multiplier is mle(f) ;= ¥ fi;. In compact matrix terms,

f=
mio) = i'L and mla(t)] = i'Ly {6.10)

Example: The US Inpui—Outpie Mede! for 2003 We againuse the seven-sector
2003 US model. The Leontief inverse was shown as Table 2.7 in Chapter 2 and is not
repeated here. The simple output multiphiers are easily found 1o be

mic) = [1.9195 1.6051 1.7218 1.9250 14868 1.6081 1.5985]

In this case, the lirgest multipliers are associated with manufacturing (4) and agriculture
(1} This is hardly surprising, considering the seven-sector level of aggregation.
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Table 6.1 Total Requirements Matrices in Commodity-Industry
Models

Industry Technology  Commodity Technology

Cammodity-Demand Lriven Models

Commaodity-by-Commodity {1 — BD) ™! (E—BC— !
Indusiry-by-Commadity D1 — e Y et —mc !y
Industryv-Demand Driven Models

Industry-by-lndustry {1 — DR’ - 'm!
Commadity-by-Industry i1 -pBi Y [Cil—c Bl

Output Multipliers in Commodity—Industry Models  With commodity-by-
industry models, no new principles are involved. As usual, output multipliers would
be found as column sums of the relevant total requirements maltrices (open or closed
with respect to households). In Table 6.1 we collect the results for total requirements
matrices from Tables 5.4 and 5.5 in Chapter 3.

For example. for the commodity-by-commodity total requirements matrix under
industry technology, the row vector of these output multipliers is i'(1 — BD)~!. Notice
that since i'D =1 (column sums of D are all 1), the same cutput multipliers will be found

for the industry-hy-commodity total requirements matrix: i'[INI — BD) '] =i(1 —
BD} !, The same will be true for any other pair of matrices (vertically) in the table,
This is because (1)i'C =1 (C is constructed so that is true), (2)i'D~' =i (this is easy 1o

show, given i'D=1i') and (3) similarly, i'C ™" =§'. This result is what we would expect
— summing down the colomns in a total requirements matrix (over all rows) should
give the same result, irrespective of the row labels ( “commodities™ or “industries™).

The results below are for the total requirements matrices in the numerical examples
from Chapter 5. They illustrate the identical results for pairs of matrices.

Commodity-Demend-Driven Modely

Industry Technology Commodity Technology
Commaodity-by-Commodity
¥ _| _ | L1568 .DB93 pe—ly—1 _ | 11644 0825
e [ 1314 10782 I=BC =] 1375 1073
Output Multipliers [ 1.2882 1.1680] [ 13019 1.1548]

Industry-by-Commodity

L0411 0809 1.1507 —.0247
Dil—-BD ! = C-HI—BC -l =
‘ ) [_24?1 ].HS?J ; JA512 11795

Output Multipliers [ 1.2882 1.1680] [ 13019 1.1548]
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Industry-Demand- Driven Models

Industry Technology Commodity Technology
Industry-by-Industry

11478 0809 11507 0821
- -1 _ I et B 1 R
=08 —[153? |.ua?|] (=8 ‘[_Islz :.usm]

Output Multipliers [ 1.3015 1.1680] [1.3019 1.1682]

Commaodity-by-Industry

12753 0898 11644 1808
e e I A
Do —[.nzﬁz |.m32} = ‘[_:375 .93?3}

Output Multipliers [ 1.3015 1.1680] [1.3019 1.1682° ]

6.2.2  Income/Employment Multipliers

Generally an analyst is more likely to be concerned with the economic impacts of
new final demand as measured by jobs created. increased household earnings, value
added generated, etc., rather than simply gross output by sector. In this section we
explore impacts on households; the approach is exactly the same whether we measure
this impact in terms of jobs {physical) or earnings (monetary). In what follows. we
illustrate using income, but this applies equally well to jobs.

Income Multipliers One straightforward approach is simply to convert the
elements in L into dollars” worth of emplovment using labor-input coefficients — either
monetary (wages earned per unit of output, as in [ag.y 3.. ... @pr10]) or physical
(person-years, or some such measuare, per unit of ontput). We begin with transactions
information; let ' (for households) denote the row vector of these data. In the mone-
tary case, this is W' = [zy41.1.. ... Iy 1 l: In physical terms it would be some measure
of numbers of employees in each sector in the base period. Then h', =h'&~" is the
row of associated household input coefficienrs. Again. in monetary terms these are the
elements in [y f.. ... Ay, used in the example above to close the model with
respect 1o households (a4, j = Zn1. /%), indicating household income received per
doflar’s worth of sector output.

2 : 1 : % =
Associaled with Af = [l]}' we found output effects in the first column of

I ! : 3 e I .
L- |:! i| as'in (6.1 ). The conversion of this first column 1o iIncome terms 15 accom-
|

inshed_ by weighting the first element by agy i) and the second element by a4 2.

3 This s not equil to 0. 1808 + 0.9473 only becanse of rounding in the totul requirements matrix.
4 We denoted this us by corlicr when closing the model with respect o houscholds, Mow we modify the notation
1o emphasize that this is 4 row vector of coeffickents and to allow for generalization 1o other kinds of multiplicrs.
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| A
ivin
grmng [ﬂu—l.zfzt
multiplier for sector j,

]. In general, then. using mifh); for the simple household income

n
mih); = Z(!”.'_Ljifj (A.11)
=1
Again, “simple” refers to the fact that these multipliers are found using elements in the
L matrix, with households exogenous.
Continuing the same example, we had a1 ) =03 and a1 2 =0.25. Thus

mih)y = (0.3)(1.254) + (0.25)(0.264) = 0.376 + 0.066 = 0.442

and
milyr = (0300033 + (0.25)01.122) = 0.099 + 0.281 = 0.380

In this illustration, mih); = 0.442 indicates that an additional dollar of final demand for
the sector 1 output would generate $0.442 of new household income, when all direct and
indirect effects are converted into dollar estimates of income. If earnings in individual
sectors are of interest, we see that 30.376 would be earned by employees in sector
I and $0.066 would be earned by sector 2 employees. And similarly, m(f)z: = 0.380
could be disaggregated into earnings in each of the sectors. From this example, using
this measure of effectiveness, dollars of final demand — for example, new government
purchases — generate more dollars of new household income when they are spent on
the output of sector 1 than when they are spent on the output of sector 2.

If the elements in L are weighted similarly, total (direct plus indirect plus induced)
income effects or household income multipliers are obtained. As before, using an
overbar to denote a multiplier derived from L. the paralle] to mih); in (6,11} is

n+1

mih); = ZGHHJIU (6.12)
=1

For our numerical example, with a,1 3 =0.05,
mihy = (0330 1.363) + (0.250(0.527) + (.03 (0.570) = 0,370

and
mihyz = (03000425 + (10,2530 1.348) + (0,05, (0.489) = 0,489

These total income multipliers for sectors 1 and 2 are equal to I’,Hl_] and I".H_g. the
elements of ]__.3| [in L (6.6)]. Recall the interpretation of any element Tf,-,;: it measures
the total (direct, indirect, and induced) effect on sector i output of a dollar’s worth
of new demand for sector j output. Thus T’,H_” is the total effect on the output of the
household sector (the total value of labor services needed) when there is a dollar’s
worth of new final demand for goods of sector j. This is precisely what we mean by the
total household income effect or total household income multiplier. So

mihy; =l (6.13)
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(In Appendix 6.1, the relationship between the tolal household income multipliers and
the bottom-row elements of L is shown exactly, using matrix algebra results on the
inverse of a partitioned matrix. ) Again, if we are only interested in household income-
generating effects originating in the n original sectors, we would calculate a truncated
total household income multiplier, mA{)];. by summing down the columns of I:”
only. For the example, m[h(!)]; =0.541 and mlhir}]; =0.465.

In this and all subseqguent discussions in this chapter, all results hold if A and L
are understoed 1o be direct and total requirements matrices in a commaodity—indusiry
model —as forexampile with Ay =BDand Ly =({i— Eﬁj_" . We illusiraied the case

£H ) le=C)
of output multipliers for vur:uus commodity—industry models in section 6.2.1. above,

Tope Fand Type H fncome Multipliers  With income multipliers. one has some
choice regarding what should logically be termed the initial effect of new final demand.
With cutput multipliers it was Fairly clear that the initial effect of a new dollar’s worth
of final demand for sector f output is that sector f production must increase by one dollar
{and eventually. of course, by more than that dellar). With income effects, the same
dollar’s worth of new demand for sector { becomes, initially, the same dollar’s worth
of new output by sector j: this 18 what we considered the initizl effect in developing
the household income multipliers. above. However, the initial dollar’s worth of new
output from sector { means an initial additional income payment of ¢y 5 to workers in
sector {. Hence @y could be viewed as the initial incame effect of the new demand
for sector § outpul,

Thus there is another kind of simple income multiplier, usually called the type |
income multiplier. for any sector §. This has the direct and indirect income effect, or the
simple household income multiplier [(6.11)] as a numerator, and uses as a denominator
not the initial dollar’s worth of output but rather its initial labor income effect, an. L__,..5
Let m{!’r]} represent this type I income multiplier for sector j. so

M
> ane1ily
il ki
mih lj H i1 )i (6.14)

1§ 14

For our numerical example.

miny! =0.442/03 = 1473

mihy, = 0.380/0.25 = 1.520

Apain. if the coefficients matrix is closed with respect to households, income effects
similar to these tvpe [ multipliers can be calculated; these are called type Il income

3 These have also been colled “normalized” multipliers: for exaomple. in Oosterhaven ¢ 1951).
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multipliers:"
n+1 F
, ] it _;
= i) -
mHHJ{" =] = /: (6.15)
sl e
Again, for the numerical example,
0.570
mu’;ﬂ" = — = 1.900
03
{1489
I _ = =
m(iny = TR 1.956

The parallel between this measure and the type [ effect in (6.14) is the same as that
between the total and simple household income multipliers — mif); and mif; The
numerator for m(f! is mih )y from (6. 11): the numerator for rii[jr}f'r is mifi )i from (6.12)
or from (6.13). Thus. for exactly the same reasons as for miA);. we can aliernatively
define .un’.n'rJJ{r as

i ﬁ]:" = -'_'”4.1‘,' fagyt (6.16)

These multipliers show by how much the initial income effects (0.3 and 0.25) are blown
up when direct, indirect. and induced effects (due lo household spending because of
increased household income) are taken into account, via L. Truncated Lype Il income
multipliers would be found, as wsual, by considering columns in Ly only. In this
example they ure mi.h{r]]";" = 1.803 and m[hif) | = 1.860.

It is generally conceded that Type | muhip]i&rs probably underestimate economic
impacts (since household activity is absent) and Type Il multipliers probably give
an oversstimate (because of the rigid assumptions about labor incomes and attendant
consumer spending). For example, Oosterhaven, Piek and Stelder { 1956, p. 69} suggest

These two multipliers [Type Il and Type I} may be considered as upper and lower bounds on the
true indirect effect of an increase in final demand: o realistic estimate gencrally lies roughly halfwuy
between the Type I and Type Il multipliers.

Relafionship Between Simple and Total Income Muliipliers or Between Type |
and Type M Inceme Multipliers  To the extent that the results of an input—output anal-
ysis with households exogenous tend to underestimate total effects, total or type 1
multipliers may be more useful than simple or type | multipliers in estimating poten-
tial impacts. Or some in-between Hgure might be more realistic, as noted above, but
deciding exactly where between these two limits may be problematic. However, if
one is primarily interested in ranking or ordering the sectors — which sector has the
largest multiplier. which has the next largest, and so on — then type [ multipliers are
just as useful as type [l {and wsually easier to obtain), because the ratio of type II

& The designations “tvpe 17 and “type 1T seem (o have originuted with Moore { 19551, Cabeulution of these measures
{in a regional setting) was piopeered by Moore and Petersen (1955} for Utabh and later by Hirsch {1959 for St
Louis.
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to type | income multipliers can be shown to be a constant across all sectors. Since
nr{ﬁ}f =mili)jjagyrj and m{hJJf =) s ml[h];ffm{f:}j =mih);/mih);. What
is now claimed is that mif }}’ ,.’ml.'h]_f- =k {a constant) for all j. Moreover. & can be easily
found without any need for L. This represents a computational advantage. To show that
this ratio is 4 constant requires that we apply some facts on the inverse of the partitioned
matrix L. This is done in Appendix 6.2, for the interested reader. In our illustra-
tive example we found mh) = 0442, miky = 0570, mif)= = 0380, mik)> =0.489,
m{h}i =1.473, m{h}f = 1.900, mdr]ﬂ = 1.520). and m{h}"l'r = 1.956. Therefore (lo two
decimals), m(h) | /mih) =0.570/0.442 =129, m(t imih)} = 1.90/1.47= 1.29, and
the same values can be found for mils fmil, and mi.l'l}‘f_,'r;m[.l’rlfz. s0 k= 1.29 for this
example.

Which Multiplier io Use?  As a practical matter, the choice between multiplier
effects as measured by mif il and @i )il orby m:.l'rJJf fand minH | depends on the nature
of the exogenous change whose impact is being studied. If that change is, for example.
an increase in federal government spending on output of the aircrafl sector, then the most
useful figures may be those that convert the total dollar value of new government spend-
ing into total new income earned by households in the economy — the income multipliers
mify; and mih)y, Using sl = 0.442 and m(h)z = 0380 from the example, we would
estimate that a tarff policy that would increase foreign demand for sector 1 goods
by 100,000 would wltimately lead to an increase of (0.442)(S100.000) = 544200
in new income earmned, while a policy that increased export demand for sector 2
goods by 5100000 would generate (0.3803(5100,000)=538.000 in new household
income earned, If we also attempt to capture the consumer spending that is associ-
ated with income earned. in a closed model, we would use mif); and M2 and find
(L5T0N 5 100.000) = $57.000 and (D.489)(5 100.000) = 548,900, respectively. In either
case, we find that stimulation of export demand for sector | output generates the larger
effect, as expected. because ri:l{h,'l_ll Jmih b= K (here 1.29), so the largest simple multiplier
will be the largest total multiplier.

The impacts of decreases can be assessed just as easily. Suppose that management
teams in two different industries, fand j, were considering moving a large assembly plant
out of the country because of lower labor costs abroad. If these plants had annual payrolls
of $p; and 5p;. respectively, then a measure of the 1otal household income lost through-
out the national economy because of the contemplated relocations would be given by
m{h}fp,- and in{h}r{p} - or hy m[!rj'l-qp; and nrf.’u{-"pj, if one wants o include induced
households consumption effects. For example, using m(/! = 1.473 and m{h]‘f =
1.520 fromour example. if a plant in industry 1 with an annual payroll of 5100,000 were
to move out of the country, we would estimate a total income loss of { 1. 473 R 100,000) =
$147.300 throughout the economy. Similarly. if a plant in industry 2, with an annual
payroll of 52530,000, were to move out of the economy, we could estimate the total
loss to household income throughout the economy because of this out-movement
as (1.520)(3250.000) = 5380000, Again, if we capture consumer spending using a
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closed model. our estimates, using m{ﬁ]f = 1900 and m{ﬁ}i" = |.956, would be a
{1.900)5100.000) = 3190000 income loss from the out-movement of the plant in
industry 1 and a (1.956)(3250.000) = 5489000 income decrease from loss of the plant
in industry 2.

Even More fncome Multipliers  As noted above (section 3.1.3), in an impor-
tant early study of Boulder, Colorado. Miernyk et al. {1967} implement a model that
distinguishes between consumption propensities of new residents in a region and those
of established residents. In addition, current residents were divided into income classes
{four in this study), and separate regional consumption functions were estimated for
each income class. The results of this approach have been termed type Il income mul-
tipliers, and they are smaller. sector by sector. than the type Il income multipliers. This
i to be expected, since margingl consumption coefficients, associated with current
residents” consumption habits, were smaller than average consumption coefficients,
associated with new residents’ consumption habits and which are the exclusive basis
of the type 11 mqujpliers."

Although the ratio of type 111 o type Il income multipliers is nol constanl across
seclors, the range was only (L87-0.91, with an average of ().88. Since the {constant) ratio
of type 11 to type [ income multipliers in this study was 1.34, this means that the ratio of
type Il to type | income multpliers averaged L.18. If a similar narrow range of ratios
of type I o type Il income multipliers were found in other regional studies in which
households were similarly disaggregated. it would be possible to approximate type 111
income multipliers across all sectors by appropriate “inflation™ of the type [ multiplier.
In the Boulder study, the inflating fzctor would be 1.18.

Further. Madden and Batey { | 983 and elsewhere ) derive a type [V income multiplier.
Like the type III multipliers, these are {generally) larger than type | but smaller than
type 11 income multipliers. The distinction here is between the spending paiterns of
currently employed local residents and the spending patterns of currently unemployed
local residents.” The models giving rise to these four kinds of multipliers are discussed
and summarized in Batey and Weeks ( 195%). Table 6.2 provides an overview.

Plyysicad Emplovment Multipliers  All of the above types of multipliers apply
equally well 1f we are interested in counts of jobs, in physical terms. Cur initial infor-
mation, in h', would be in person-years or some similar unit of measure, and the resulls

! In the Boulder study. the average (izzregate) househodd consumption coefficient. for the products of all 31
sectors of the local economy, is 0.40. (This is 'y, esing the houschold column in the Boulder study § The
marginal {aggregate ) household consumption coefficients for the products of the same 31 sectors. are (.31, 021,
.16, and 0,02 for the four income classes; their wvernge is 01720, {Caleculuted from Tubles [V-2 and V-da,
respectively, in Miemyk ot al. [967.) The type T multipliers in the Boulder study were found nol from the
LeonticT inverse of a model that kad been closed with respect to bowscholbds in this disazgregated way but rther
in an iteralive, round-by-round Fashion,

Conway | 1977} propesed applving the tlemms “type A™ and “type B" multipliers to the numerators of “type ["
and “type 1™ multiplicrs. The motivation is to fucilitute studics of changes in multiplicr valees over time. When
the multiplicr is a rutio in which both numerator and denominwior elements change over time, a4 change in u
multiplier value can reflect changes in either the numerutor or in the denominator or in both.

£
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Table 6.2 Model Closures with Respect to Households

Measured Effects

Maodel  Direct + Indirect  Induced® Maodel Closure Income Multiplier
1 Direct 4 Indirect  None None Type 1
2 Direct + Indirect  Intensive Single household row  Type 1
and column
3 Dirccl + Indirect  Intensive + Two houschold rows Type 1
Exlensive and columns
4 Direct + Indirect  Intensive + Three houschold Type 1V
Extensive + rows and columns

Redistributive

*Intensive effects are associated with indigenous workers and marginal consumption coefficients.
Extensive effects are associated with in-migrants and average consumption coefficients. Redistributive
effects are associated with unemployed residents and their consumplion propensitics based on benefit
payments.

in (6.11) through (6.16) remain valid, with the interpretation in physical rather than
monetary terms.

6.2.3  Value-Added Multipliers

Another kind of multiplier relates the new value added created in each sector in response
to the initial exogenous shock to that initial shock. The principles are identical. and the
results in (6.1 1) through (6.16) again remain valid. The only new information required
is a set of sectoral value-added coefficients — v/, = v'&~!. We leave it for the reader
to fill in details. It is often argued that value added is a better measure of a sector’s
contribution to an economy than, say, total output, since it truly captures the value that
is added by the sector in engaging in production — the difference between a sector’s
total cutput and the cost of its intermediate inputs.

6.2.4 Matrix Representations
Matrix representation provides a compact and efficient way to express multipliers.
Output multipliers were represented in (6.5} as

mio) =i'L.
For income multipliers (simple), with h'; = h'&!, we have

mihy=[miky.....mih,) =h'L (6.17)
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Here the summation row, i’ in (6.5), has been replaced by the row of labor-input
coeflicients, h'.. We can deconstruct this in the following way:

Sector-demand -
fo=sector income
multipiiers
IMifa]

—_

mh) =W L=hz"'L=i W& 'L (6.18)

Sector-demand -

To=gcononiy-wide

income mudtpliers
il

In particular, h'%~ 'L converts the inverse matrix of final demand-to-output multipli-
ers in L into a matrix of final demand-to-income multipliers, M/). Then ih's 'L =
Wi 'L = h'.L generates @ vector of economy-wide income multipliers, mih), the
column sums of the converted inverse. Notice that in this generic format, the simple
output multipliers in (6.5) can be thought of as

mio)=iL=x%'L=i%%'L
For the closed model, the n-element vector of total income multipliers for the n sectors
is

mih = [y, ...miky] = [!1', PR T ] =h| _ (6.19)
H=int+11] Ly Lz
[+ s

This makes clear that m{h); = m(h); for two reasons: (1) even though the weights in
h', are the same for both models. the inverse elements in I-.ru are consistently larger
than those in L, and (2) each ﬁ?t.h]..- includes the additional term a,.|+|_.,+|3,,+;1.-. [In the
case of truncated multipliers. only (1) is relevant. |

The n-element row vector of type | income multipliers for each sector. m(h)’, can
be compactly represented using m{/1) from (6.1 8), namely

m(hy' = mh)®',) " = Lk~ (6.20]

A row vector of type Il income multipliers for the original # sectors can be defined
using Loy = [hera dug2,- .0 fps 1), namely

m(h? = Ly (h)~! (6.21)

6.2.5 Summary
Table ©.3 presents a summary of the resulls in sections 6.2.1-6.2.3, Table 6.4 sum-
marizes these multiplier results in a set of generic templates. We use “z'.” lor the
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Table 6.3 Input—Output Multipliers

Ctput Effects

Income Effects”

Exogenous Afi =1
Change

Afp =1

Initial Effect (V) Ar =1
[sector §1

A in sector § pavments
to labor = a4 ¢

Total Effect (T} ol
in open model i=
[Drirect +
Indirect)

L
f"1r+l .r'-'lj_.l
1

i=

Simple Multiplier Simple output

Simple income Type | income

(T /N1 {open multiplier multiplicr multiplicr
. n i (h i
maodel ) mio) = ¥ ly/Af mih); ., .'uf.fzflJI )
ri] = E "’"-""'l--':'ll';"'rﬂ-'g = E f"Jr+l.f-|lJ_,l.'r“Jr+|._|'
=% Iy =1 i=1
e ] ; f
=1 =X f"Jr+l.f-|ll} = mlh]-'"""""'""--_ni
[i543] =l [(6.14)]
[(6.111]
_ a1 _ n+1 _
Total Effect i T) =y T gy
in closed i=l i=l
madel {Direct
+ Indirect +
Induced)
Total Multiplier Tertal output Total income multiplier Type U income
(TN} iclosed multiplier )y multiplier
model 1 } 0+l ) n+1 - mihylt
rmmj = g_'] |'r-J_.- .-1‘;_,5 = -§| "n+|.|'I-‘_n‘-"ﬂ-'I.-n‘ "_J'] )
=% 1 =% u i [0, 12) =
;=_.] i ;=_.I 4Lt [ I =i"r'r!:'_.'-'r':r-'|+|-.'. [{5.15}]
[16.91] = fat+ 1y [(6.151] = u+].‘|.'"(".lr+|.._.; [15.16)]

“ For income effects. 4§ = Zg+14/%),. where 2o = sector s puyments to houscholds (labor).
For employment effects, replace 2,4 with sector s employment measured in physical units. For
value-added effects, replace 5,4 ¢ with sector /s value-added payments.

¥ For truncated total multiplier effects, sumover i = 1, ... nratherthan i = 1,... 0+ 1.

appropriate row vector of coefficients, found from transactions (z') and output (x)
information; £ = %', When z' = x. 2’ = i’ and we have traditional output
multipliers. [Contrary to subsequent notation, we denoted these as mie), for “out-
put,” rather than mix).] Note that Type [ and II owfpur multipliers are meaningless:
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Table 6.4 General Multiplier Formulas

Multiplier Mutrix Definition

Simple miz) =z L
Total s =g | o
b e

where

B = [1J-- St L1 St ]
Trrimcaied =] = ' Fooy
Funcated @iz =20y
Tupe 1 miz) =" Lz} !
Type I miz) = Ly (e

they are identical to simple and total output multipliers since i = L When 2' = h'or
z" = v' we have household (either income or employment) or value-added multipliers,
respectively. Many other kinds of multipliers are possible. For example. if 2° = €' is
a row measuring amounts of pollution emitted by production in each of the sectors,
we would have an environmental | pollution-generation) multiplier. orif 2’ = n" s a
row indicating energy consumption by sector. we would have energy-use multipliers.
Energy-use. pollution-generation. and other such multipliers are frequently found in
truncated form, as z'.Lyy. which is equivalent to setting 2, = [z, 0] in Table 6.4.
Some of these energy and environmental extensions are discussed in Chapter 111

6.3  Multipliers in Regional Models

In section ©.2 we presented the basic concepts of various input—output multipliers. All
of these multipliers, which quantify impacts on the economy under study. rely on the
fact that the A matrix {as well as the associated coefficients for income. employment,
value added. etc.) must represent interindustry relationships within that economy. In
particular. if sector { is agriculture and sector | is food processing. ay must represent the
value of inputs of agriculiural products produced within the economy inot imported)
per dollar's worth of output of the food-processing sector in the same economy.

6.3.1 Regional Multiplicrs

Very often an analyst is interested in impacts at a regional level. For example, the federal
government may be trving to decide where to award a new military contract and have
as one of its concerns the stimulation of economic development in one or more less-
developed regions. A state government may wish Lo zllocate funds for labor skill training
in one or more industries among several counties with currently above-average levels of
unemployment. and so on. In a single-region input—output model, as in section 3.2, the
A" = p"A muairix represented one way of trying to capture regional interrelationships
among sectors, and the various kinds of multipliers discussed above would acquire a
spatial dimension by using the elements of A" and its associated Leontiel inverse,
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; pe . 1525 :

For example. in section 3.2 a national table, A = 20 05 |- was madified because
of the assumption that in region r the basic technology of production in sectors 1 and 2
was essentially the same as that reflected in the two columns of A, but the proportions
of inputs required from sectors 1 and 2 that could be expected to come from within the

region were p} = 0.8 and pf = (L6 sop” = [gg} and

JF_ e [A2 207 oew m decy  THARE GO
AEEAS] g 3] 0 M FETAT =004 106t |

Hence the regional stmple output multipliers, as in (64}, are mie)j= 1.314 and
mioty = 1.302. Recall from section ©.2.1 that the output mulipliers in the original A
matrix were mi(e)| = 1318 and mio)z = 1452, The difference. of course. 15 due 1o
the fact that the elements of A have been reduced. using the regional percentages in p’.
to reflect the need for imports to supply some of the necessary production. Similarly,
external output multipliers (not regional — denoted 7) are m[mjl = 1518 - 1314 =
0.204 for sector 1 and ml.‘a]; = 1452 — 1.302 = (0.150 for sector 2. The interpretation
of these is similar to that for other output multipliers: for each dollar’s worth of final
demand in the region for sector 1 output, 2004 cents® worth of inputs will be peeded
from firms in all sectors outside of the region. And for each dollar’s worth of fnal
demand in the region for sector 2 output, this fgure is 15 cents,

1 we have estimates of household inputs, household consumption, and income earned
in the region, the model can be closed with respect to households, allowing calculation
of regional total output multipliers. If we assume that the household inpul coefficients in
the region are the same as those for the nation as a whole and that these represent labor
supplied by workers living in the region, then af; = .30, a3, = 0.25, and af; = 0.05.
Also, if we assume that sectors | and 2 supply 80 percent and 60 percent, respectively,
of consumer needs (the same percentages as they supply of the needs for production).
then af, = (0.8)(0.05) = 0.04 and a3, = (0.6){0.40) = 0.24 s0

A2.200 04 1217 0282 0.123

Ao |20 28| 4 B o An'o| 0263 164 0305

A0 25 A5 0453 0395 1172
Therefore. the regional rotal output multipliers, as in (6.9, are mio)] = 1.933 and

mioty = 1841

With information on regional labor inputs (in monetary terms) and household con-
sumption coefficients. various income multipliers could be found for the region,
Value-added multipliers could also be found in exactly parallel ways. No new prin-
ciples are involved in assessing multiplier effects with a single-region table instead of
a national table. However, with many-region input—output models, a wider variety of
multipliers is possible. We examine these in the interregional and multiregional cases
in turm.
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6.3.2  Inferregional Input-Cutput Multipliers
With interregional and multiregional input—output models output, various multiplier
effects can be calculated (a) for a single region (region r), (b) for each of the other
regions, (c) for the “rest of the economy™ {aggregated over all regions outside of r),
and (d) for the total, many-region {national) economy.,

We illustrate the possibilities using a set of hypothetical data for a two-region model.
Consider the following coefficients matrices for an interregional model with (the same)
three sectors in each region

A50 250 050 021 094 017
200 050 400 167 (125 (133

AT AP 300 250 050 050 050 000
A= — l:f!.?.l]
AT AT 075 050 060 167 313 06T
050 013 025 125 (125 047
025 100 (100 250 250 (133
and
1462 506 332 258 382 147
J21 1514 761 558 629 314
Ly Lz H78 57R 1378 318 390 147
= = (5.23)
L2 Laa 318 253 251 1428 649 190
A77T 423 1M 268 1315 (114

346 365 365 598 695 1300

Recall from Chapter 3 that we use subscript numbers for elements (submatrices) of a
partitioned interregional L matrix because L™ and L are used for (I — A~ and
(T — A"~ respectively.

fntraregional Effects  For exogenous changes in final demands for region
r goods (the first three elements in a six-element £ vector), the elements in the 3x3
submatrix L1y represent impacts on the outputs of sectors in region r. Here

1.462 506 332
Ly = | 721 1.514 .61 (6.24)
BT8R 578 1378

Simple intraregional cutput multipliers for region v are found as the column sums of
Lj:
m(o)" =i'[Ly] =[2.861 2.598 2.471] (6.25)

Similarly. for region 5.

m(0)” =i'[Lp] =[2294 2,659 1.604] (6.26)
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If we had household input coefficients in monetary terms for regions r La;r_'_l ;) and

5 qaj‘r‘_'_u}. we could find simple intraregional household income multipliers and type |
income multipliers. MNote that finding total intraregional output multipliers, household
income multipliers, or type Il income multipliers requires that we have labor input coef-
ficients (in monetary terms) and household consumption coefficients for four different
matrices. Initially, the input coefficients matrix for region v — A™ in (6.22) — must be
closed with respect to households. This then adds a row to A™ and a column to A,
The former represents inputs of labor from reglon r to sector 1, 2, and 3 production in
region 5 (for example, commuiers). The latter represents purchases of outputs of sectors
1, 2, and 3 in region 5 by consumers located in region r (imports of consumer goods).
For complete consistency, in order to capture income-generating effects throughout
the entire (here, two-region) system. the input coefficients matrix for region 5 — A*
in (6.22) — should also be closed with respect to households. This then additionally
requires a new row in A” and a new column in A", These new coefficients represent
inputs of labor from region s to production in r and purchases by consumers in 5 of
goods made in r, respectively, Thus the A and L matrices, for our numerical example,
would grow from 6 = 6to 8 x 8.

Given this L matrix, total intraregional output multipliers, household income multi-
pliers. and type II income multipliers for region r would be found using the elements
from the upper left submatrix — now 4= 4 —in L. Similarly, using intraregional physical
labor input coefficients or value-added coefficients for both regions, total intraregional
employment or value-added multipliers and type II multipliers could be found.

Interregional Effects The essence of an interregional (or multiregional)
input—output model is that it includes impacts in one region that are caused by changes
in another region; these are often termed the interregional spillover effects. In our
example, these are reflected in the Lj2 and Lz matrices: here

318 253 25]
Loy = | 177 123 124 (6.27)
346 365 365

Consider, ({21123 = 0.124; this indicates that for each dollar’s worth of final demand
for the output of sector 3 in region r, 12.4 cents” worth of output from sector 2 in region
5 is required as input.

Thus. in an interregional input—output model, we can calculate simple interregional
multipliers, m{ o) — the total value of output from all sectors in region 5 used to satisfy

)
a dollar’s worth of final demand for sector § in region r. Here,

m(o)” =i'[Lay] = [0.841 0.741 0.740] (6.28)

These are output impacts that are transmitted across regional boundaries — here from r
(where the exogenous change occurs) to 5 (where production occurs). As the reader can
perhaps imagine by now, we have the same set of possibilities for measuring various
interregional income effects, interregional emplovment effects, and total interregional
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effects using the same kinds of calculations as for intraregional effects, now using
L (and Ly if the regions were closed with respect to households). Interregional
effects whose origins are in new final demand in region 5 would be calculated using
the elements of Lz (or I:.|3]|. Here

m(o)” =i'[Lia]l =[ 1135 1.401 0.618] (6.29)

National Effects Assuming., once again. that there are exogenous increases

n final demands for resion F sonds and hene

It Se AT et 1t
Gemanns yOf Negion & 20005 ana Nonco i ou a3

puts of sectors, w
denote as national effects the sums of columns in both L) and Lz, (These could
logically also be termed fofal effects, but we have used iotal, as contrasted with simple,
for effects that are calculated from a matrix that has households endogenous. ) Arranged

a5 row vectors,

Li
mio)" =i’ =[3.702 3330 3.211]
L
(6.30)
) L2
mio) =i =[3.429 4060 2.222]
Lz
For the two-region interregional system, let m{g) = [m[r))" mqm"]_ Here
mio) =L =[3.702 3339 3211 3.429 4060 2.222] (6.31)

A policy implication from these figures is that a dollar’s worth of government spending
on the output of sector 2 in region § would have the greatest impact throughout the
two-region economy, as measured by total output (direct plus indirect) required from
all sectors in both regions. Similarly, if the government is interested in acguiring goods
from sector 1 or sector 3, the greatest national (both regions) economic impact will
oceur if the purchases are made from firms in region r.

Again, using information on labor inputs or value added in each region, simple and
type | income, employment and value-added effects could be calculated at the national
{all regions) level. Similarly. for a system in which all regions have been closed with
respect to households, total national output, income, employment and value-added
effects and type II multipliers can be found.

Sectoral Effects As a final kind of multiplier, we can find the impact on
sector { throughout the entire country, because of a dollar’s worth of final demand for
sector J in either region. (Since this crosses regional boundaries, it is also a kind of
“national” effect.) Denote this simple output multiplier as rnto,‘ll’;‘;' and m(njjj?. For our
example,

mio)y = s+ il s = 0332 + 0251 = 0.583
J:J'{:J]'_;"'l = {2207 + (/1202 = 0.268 + (1.5358 = (.826
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and so on. With additional region-specific information (labor input or value-added
coefficients) we could find various simple or type 1 effects; with elements from L, we
would find total multipliers and type I effects. (These kinds of sectoral effects are only
meaningful when each region contains the same sectors.)

More Than Two Regions With models of more than two regions, there are no
new principles involved. although the possibilities increase. For example, with three
regions, one can trace interregional effects in now six different ways: (1) exogenous
changes inregion | affecting outputs inregion 2 andfor region 3. {2) exogenous changes
in 2 affecting outputs in 1 andfor 3, and (3) exogenous changes in 3 affecting outputs
in 1 andfor 2.

6.3.3  Multiregional Input-Ouiput Multipliers

All of the multipliers found in the interregional input—output model have their counter-
parts in the multiregional model. This is to be expected, since the multiregional model
is an attempt to capture all of the connections in the interregional model using a sim-
pler set of data. Each of the components in the interregional case — for example, A™
and A™ — has its counterpart estimate — €A™ and &@*A* — in the multiregional case.
A thorough exploration of multipliers in the multiregional input—output model can be
found in DiPasquale and Polenske {1950,

The final form of the multiregional model was

x=(I-CA)'CF (6.32)
AF
Here A = is a block diagonal matrix whose submatrices represent regional
“ A.‘:
EJT EJ\
technical (not regional input) coefficients and C = | o e |t where the components
[ &

of the submatrices in C represent flows between regions in the form of proportions of
a commaodity in a region that come from within the region and from each of the other
regions.

The important point to be recalled is that in the interregional model the exogenous
sectors represent final demands, wherever located, for goods made by producers in
a particular region. In the multiregional model, the £s represent demands exercised
by exogenous sectors located in a given region for goods, wherever produced. For a
two-region multiregional model, it is the ¢ and ¢ matrices that spatially distribute
the final demand in region r between producers in r and producers in s.

For example. assume that there are two sectors in each of the two regions and that
we want to assess the impact throughout the two-region system of an increase of 5100
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in final demand for good 1 by houscholds located in region r, so £ = |: lD{}] and

{1 |

Let

07 07 ., [02 07 ., [03 07 ., [08 0
1 ~IF ~5r ~55
¢ ‘[{} {}_4]“ —[{} {}_3]“ —[ﬂ ﬂ_ﬁ]cj _[ﬂ ﬂ_?]

Then

and the CFf term that postmultiplies (I — C.-!L]l_] in(b.32)is

0.7 0 0.2 0 100 Tl
0 0.4 0 03 1] [}
Cf = =
0.3 0 0.8 0 1] 30
1] 0.a 0 07 1] 0

The impact of the new 5100 is not felt exclusively in region r, rather only 570 (70
percent) is presented as new demand for good 1 made in region r, and $30(30 percent)
turns out to be new demand for good 1 in region s.

The € matrix distributes the final demands in the multiregional model across sup-
plving regions in accordance with the percentages embodied in the components of C.
Premultiplication of Cf by (1 — CA)~! then converts these distributed final demands
into necessary outputs from each sector in each region in the usual way. Thus the
matrix from which the various multipliers are derived in the multiregional model is
(I-cAy'c
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In the numerical illustration in section 3.4.4, with two regions of three sectors each,
we found

C1.127 447 300 478 418 153 ]
628 1317 606 552 1.115 323
512526 1101 335 470 247
(1-CAY'C=
250 1.224 456 2
3§ 385 205 278 650 i
472 445 589 594 529 1232

=)
o )
(=]
el
=1
=]

[

in {3.31). This matrix plays the same role for multiplier analysis in the multiregional
Ln L

model that L = (T—-A)"! = in (6.23) did for the interregional case. We
Ly La

examine some of these possibilities: the parallels with the interregional case should be

clear, so the illustrations need not be exhaustive. To emphasize the parallel. we define

Ly ﬁ-lz—‘
L=(-cAa)'c=
L) ﬁ:zj

Mtraregional Effecrs Column sums of elements in £ and £37 are simple
intraregional output multipliers. These multipliers correspond to (6.25) and (6.26),
above; here

mie)T =1Ly = [2.2&]" 2.290 E.Q{}T]

(6.33)
mio)¥ =i'Ly = [2.(!'96 1.635 I.ﬁlj]

As before, income. employment or value-added multipliers could be found if we had
the requisite additional data. Closing the multiregional model with respect to house-
holds. in order to be able to calculate total and type I multipliers, requires the addition of
regional labor input coefficient rows and household consumption coefficient columns to
each of the regional input matrices in A, and it requires estimates of ¢ 00 0% 0
and so on — these are the proportions of household demands for labor services that are
expected to be supplied from within and from outside of each region. These coefh-
cients would be added to the lower right of each diagonal matrix &7, &7, etc. Given
il — CA)'C, using overbars to indicate a model in which households have been
made endogenous, we could find these various intraregional multipliers in the usual
wity, from the upper left and lower right submatrices. Also, with information on value
added in each sector in each region, value-added multipliers could be found as in the

interregional case.
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Interregional Effects  As in the interregional model, these effects are derived
from £ 7 and £o;. Here, corresponding to (6.28) and (6.29), we have

m(0)"= 1Ly ] = [ 1.335 1.199 1.044]
(6.34)
mio)*=i[£}>] = [ 1.365 2,003 0.723]

National Effects  Corresponding to (6.30), we have the following simple
output multipliers that reflect production in all sectors in all (here. the two) regions to
support a dollar’s worth of new final demand for a particular good. Here

| £u
mie) =i =[3.602 3489 3.051]
Ly

(6.35)

Ly
m[m":i'li ]:[3_461 3.638 2338

77

Thus. a new dollar’s worth of demand from households located in r for good 2 gen-
erates a total of $3.49 new output throughout the entire multiregional system. Arranged
in a single row vector, and parallel to (6.31), we have

mio) =i'L = [3.ﬁ[]2 3489 3501 3461 3.638 2.333] (6.36)

and similar kinds of policy implications can be drawn from these Agures. For example,
assume that the government could stimulate consumer demand in a particular region
for a panicular product {e.g.. through tax credits, as for insulation and storm windows
in cold regions). The greatest overall (national ) effect, as measured by these simple
national outpul multpliers, would come from consumer demand in region 5 for good 2.

Sectoral Effects  Finally, as with the interregional model, we can assess the
impact on sector § throughout the economy of one dollar’s worth of new final demand in
region r for good §. For example, nf:n:f};l'lr_1 = (£ N3+ (€213 = 030040250 = (L5510,
miels) = {fa2)21 + (£12k2 = 0.278 + 0.552 = (.830, and s0 on.

Final Demand for Goods Made in a Particalar Region  [f one is using the ver-
sion of the multiregional input—output model in which impacts of new region-specific
final demands are being assessed (as in the example of a foreign airline’s new order for
Boeing jetliners made in the state of Washington). where

x=(1-cCa '

as in {3.32) in Chapter 3, then all of the multiplier calculations ootlined above would
be found from the elements in (I — CA)~! rather than (I — CA)~'C. The (I — CA} ™!
matrix for this numerical example was given in (3.33) in that chapter. The interested
reader may wish to find the various multipliers, as in (6.33) through (6.35).
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Meore Than Two Regzions  As before, with models of more than two regions,
there are no new principles involved, although the possibilities for multiplier calcu-
lations increase, For example, with three regions, there are three possible settings in
which to calculate various intraregional multplier effects and six in which to caleulate
interregional effects.

In section 3.4.6 we introduced a three-sector, three-region apgregation of the Chinese
2000 multiregional model. The £ = (T — CA)~'C matrix for that model is repeated
below, in Table 6.5, (This was Table 2.9 in Chapter 3.) The regional aggregations used
in this table resuli in very large geographic aggregaies, and the relative uniformity of the
simple output multipliers across regions, asindicated in the tables to follow, reflects this.
Simple intra- and interregional output multipliers for this Chinese model are presented
in Table 6.6, In addition. simple national (all-region) multipliers are shown.

For example, a ¥1 change in final demand in the North for manufacturing and con-
struction (sector 2) requires ¥(.41 from all sectors in the South and ¥0.04 from the Rest
ol China. In view of the sectoral breakdown used in this model it is not surprising that
manufacturing and construction {sector 2} has the largest simple output mulaplier in
each region and in the nation as a whole. or that the services sector has the second-largest
multipliers with natural resources a rather distant third.

In terms of regional dependencies. we see that the South is much more dependent on
the North than on the Rest of China for the inputs that would be needed to satisfy one
unit of final demand in each of the sectors in the South — from the sums of the three
elements in the North row for the South, 0.4683, vs. the sums of the three elements in
the Rest of China row, 0.1467. Similar aggregate measures can be derived for the other
regions.

Sector-specific simple output multipliers, frrio}j—j. are shown in Table 6.7, There is
a great deal of uniformity across regions. For example. ¥1 of new demand for manu-
facturing and construction output by households located in the North, South or Rest of
China regions generates a national impact in terms of ¥ worth of new ootput in sector
1 of 0.3321. 0.3249, or 0.3413 in the three regions. Similarly. ¥1 worth of new final
demand for services generates a need for inputs of ¥0.5801, 06157 or 0.5033 worth
of new manufacturing and construction outpot in the three regions. The figures are
generally similar in other rows of Table 6.7, Again, this is primarily because of the very
large sizes of the three regions in this model illustration,

Hioki (2005) presents an empirical analysis for the Chinese economy, using the same
Chinese MRIO data but at greater levels of disaggregation. This is an analysis of the
magnitude of interregional spread or “trickle down™ effects, especially [rom eastern
Chinese (coastal) regions to the less developed western (inland) regions. The study
calculated intraregional and interregional simple output multipliers for an eight-region.
17-sector version of the CMRIO model. llustrative of the kinds of conclusions drawn
in this study is the observation that around 20 percent of the total output in the Central
region is induced by final demands of the coastal regions (p. 170). This suggests that the
government's strategy, begun during the 1980s. fovoring development of the coastal
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Table 6.7 Sector-Specific Simple Output Multipliers for the Chinese Multiregional
Input—Output System, 2000

Sector and Region Experiencing a One-Unit Change in Final Demand

Matural Resources Manufacturing und Construction Services

North  South  RoeC North South RaC North  South  RoC

11990 1 2708 03321 03249 03413 0.1325 0.1464 01378
04300 03970 0.3 20462 Ei2eT LBZZ0 .53801 Oeid7 05033
L1054 DUI00E o906 002184 0.2340 02384 12108 12240 12022

Ll pal =

regions {which it was thought would then lead to spillovers inland} has “actually started
to work 1o a certain extent” (p. 1717

6.4  Miyazawa Multipliers

The important work of Miyazawa (1976} on endogenizing households in an inpul-
output model generates various multiplier matrices. " A comprehensive overview of the
explicit demographic-economic interactions in the Miyazawa structure and its applica-
tions can be found in the collection of papers in Hewings ef al. ( 199Y). In this section we
depart from some of the notation used elsewhere in this book, in order to be consistent
with that used by Miyazawa, since virtually all subsequemnt discussion and application
of the Miyazawa framework has continued to use his notation. Specifically, this means
that we will now define B = (I — A)~! (instead of L. since Mivazawa uses L for
another purpose, as we will see below ).

6.4.1  Disagerepated Household Income Groups

We assume that households can be separated into g distinet income-bracket groups and
that payments by producers to wage earners in each of those groups can be identi-
fied. Let ¥ = [vy], where vy represents income paid to a wage eamer in income

£ =) : :
bracket g (g = 1,....q) per dollar’s worth of output of sector j. This is a general-
teation (o ¢ rows) of the single row of household input coefficients or labor input
coefficients in Chapter 2. hg = [an+1.14 - - . «dp+1n]. Similarly, let. € = |ciy], where
T

iy is the amount of sector i"s product consumed per dollar of income of households
in income group fi (i = 1, ..q); this is a generalization (Lo § columns) of the single

¥ We cxamine some of the details of constrsction of this multiregional model in section 4.7,

10 The definitive work is Mivazawa | 19761, lthough there were several anticles preceding that monogruph. Most
of these were in the Hitolsubashi Jowrnal of Ecoromics in the 1960s und carly 1970s and were not widely
kmnown culside of Japan. More recent work by Soais and Hewings 1993, 1945) on extended multiregional
Mivarawa mubtiplices can also be Found in that journal, us well as elsewhere (e.g.. Sonis and Hewings, 2000),
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T+l
column of household consumption coefficients in Chapter 2, he = : . and yet
yn+1
another use for Cininput—output discussions. Sothe augmented matrix of coefficients is
A C
= [=n} Imsa) . -
A= .and the expanded input—output system is
L 0
LEFs R} Il
X A C][x f*
= + (6.37)
¥ LA W g2
where ¥ isa vector of total income for each of the income groups, f* isa vector
IERL] (e
of final demands excluding household consumption {now endogenized) and B isa
= §]
vector of exogenous income (if any) for the income groups.
Assume that € = then the two matrix equations in the system in (6.37) are
fg=lh
x=Ax+Cy+f"andy = Vx {6.38)
From (6,37},
A1 ‘
X I-A -C f
= (6.39)
¥ —¥ I 0

Using results on inverses of partiioned matrices {Appendix A) it is not difficult to show
that the elements of the partiticned inverse in {(6.39) can be expressed as

x BI+ C(I— VBC) 'VB  BC(I—VBC) ][
= ) (6.40)
¥ (1—-VBC)~'VB (I— VBC)~! 0

where, as noted, B = {1 — AL
This can be simplified if, following Miyazawa, we define VBC = L and K =

(I-L)y~' = (1- VBC)™!. 50 that
Bil+ CKVB) BCK
X (nm} i xg] I
— (6.41)
¥ KYB K 1]
(B (=g

Miyazawa defines L as the matnx of “inter-income-group coefficients™ and K as the
“interrelational income multiplier™ matrix. A typical element of L is ﬂ;;;, = 1',;Jr];.-f_fj.'.
this shows the direct increase in the income of group g resulting from expenditure of
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an additional unit of income by group . Reading from right to left, household demand
{expenditure) of cy by group h for the outpul of sector j requires bycy, in output from
sector { and this, in turn, means income payments from sector { in the amount of vebyeg
tohouseholds in group g. Similarly, each elementin K = (I — L)~ indicates the total
increase {direct, indirect and induced) in the income of one group that results from
expenditure of an additional unit of income by another group. {An illustration of this
approach can be found in the matrix of interrelational income multipliers, K. for 11
income groups in the USA for 1987 that 1s shown in Rose and Li, 1999,
From (&.41},
x = B(I + CKVEB)f* (6.42)

and
y = KVRi* (6.43)

In (642}, the effect of final demands on outputs is seen to be the product of two dis-
tinct matrices. The first is the Leontief inverse of the open model, B. The second is
{1+ CKVB); this augments the final demand stimulus, If*, by CKVEBI™*, which endo-
genizes the total income spending effect. Again, starting at the right, Bf* generates
the initial output (without household spending), VBI™ indicates the resultant initial
income payments to each group, KVBF® muliplies that into total income received in
each group — this is exactly what is described by the result in (6:43) — and. fAnally,
CKVBI" translates that received income into consumption {demand) by each group
on each sector's output. Miyazawa denotes KVEB the “multi-sector income multi-
plier” matrix {or the “matrix multiplier of income formation™), indicating the direct.
indirect and induced incomes for each income group generated by the initial final
demand.

6.4.2  Mivazawa’s Derivation
Miyazawa first derives the results on the interrelational multiplier matrix without ref-
erence o partitioned matrices [in Miyazawa, 1970, Chapter |. sections [I{2)}-11I{ 1)
the partitioned inverse stmucture appears later in Chapter 1, section [11{3)]. He makes
extensive use of partitioned matrices later in the book - especially in Part 2 on internal
and external matrix multipliers. This is a direction that has been explored and expanded
considerably in much of the work of Sonis, Hewings and others (summarized in Sonis
and Hewings, 1999, which also contains an extensive sel of references to their work).
A second direction of research that extends the input—output framework Lo incorporate
interactions between economic and demographic components is associated with the
many publications of Batey. Madden and others (summarized in Batey and Madden,
1999, again with many references).

We present Miyazawa's initial approach here primarily for completeness, and because
the results are often discussed (brieflv) in this form in the literature. He begins with

x=Ax+C¥Vx+I
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from {6.35). From this,
x={I-A-cvy'¢t (6.44)
and with B = (I — A) ™!, straightforward matrix algebra gives
I—A-CVi=(B'—CVIBB~' = 1 -CcvBB~!
Substiluting into {644,
x=[1—CVRB~'|~§*

and, from the rule for inverses of products.
x=B(l - CVB) " 'f* (6.45)

In this form, we find the original Leontief inverse, B, postmultiplied by (1 — CVB) "
which Miyazawa termed the “subjoined inverse matrix.”

A further vanation is possible and is sometimes used. Starting with (6.43) and. as
earlier, with VBC = Land K = (I - L)~ then

K{(I-VBC) =1
Premultiply both sides by C and postmultiply both sides by VB,
CK{l - VBC)VB = CVB or CK(VB — YBCYB) = CVB
Factor out VB (o the left and then sobtract both sides from I, giving
I-CEKVB(I-CVB)=1-CVBorl =CKVE{l - CVB) +1- CV¥B

Regrouping terms

1=(I1+CKVYB)I—-CVR)
and so, from the fundamental definition of an inverse,

(1-CVB)~! = {1+ CKVB)
Fuiting this result into (6.45) gives

x = Bl + CKVB)f* (b.4i)

as in (6.42).

Miyazawa suggests that if labor input coefficients, in V, and household consumption
coefficients, in C. are less stable than interindustry coefficients {in A and consequently
in B), there is an advantage to using the format in (5.40) instead of (6.£5). Namely, a
revised subjoined inverse. (I — CVB}~!, whose order is a. can be found by using K,
whose order is ¢ ... [which] in most cases is very much smaller than s ..." (Mivazawa,
1976, p. 7). However, inverting large matrices is no longer the concern that it was in
the 1970s.
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From (6.46), household income, y = VX, is seen to be
y= VBl + CKVEB{" = (1 + VECK)VBIf" = (I + LK)VBf™
Butsince K=(I—-L)y" (I-L)K=1, LK =K — L so (I+ LK) = K, and
y = KVBI* (6.47)

as.im (0843},

6.4.3 Numerical Example
We expand the numerical example from Chapter 2, assuming a three-sector economy
with households divided into two income groups. Let the augmented coeficients matrix

be
15 0.25 0.05 0.1 0.05

02 0.05 04 02 01
03 035 005 001 01

=
Il
I

005 0 008 0 0
012 0.05 €1 0 0

In particular, labor income coefficients for the two household groups are given in the

tworowsof ¥ = [g?; {.?nlq [:.Jniﬂa.nd consumption coefficients for those same two
0.1 0.05
groups are given in the two columns of C = | 0.2 0.1
001 0.1
1.3651 4253 2509
Given V. C, and B = (I — A)~! = | 5273 13481 5954 |, the relevant

G698 4RO0 .28HS
Miyazawa matrices are easily found to be

574 0454

= [.mm 0480

} and K=(I-VBC)' = [""643 '”Sm}

0671 L0536

For example, in this illustration, a direct increase of 51 in income to households in
group | leads to a 6.7 cent (kz;) increase in income payments to households in group
2. Similarly,

1162
KVE — |: 808 2162 .]%Di|

2716 1894 2106

In this case, for example, an additional unit of final demand for the goods of sector 1
P g
generates 27.16 cents in new income for group 2. Furthermore,

L4445 4994 32534 2476 1545
Bil—CVB)~' = | 6496 14600 7062 and BCK = | 3642 2492
H5TT 5644 13648 A923 2258
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(The reader can make appropriate interpretations of the elements in each of these
matrices.

In this case, the Leontief inverse for the augmented system can easily be found
directly; itis'!

14445 4994 3234 2476 1545

B B 6496 14609 7062 3642 2492

_[ o ”—‘ 6577 5644 13648 1923 2258
L J

JA898 0 2162 1960 L0642 0507
2716 1894 2106 L6711 10336

and the correspondences with elements in B are exactly as expected. namely K = Baa,
KVB = B, BCK = Byz and B(1 — CYB)~! = B

6.4.4  Adding a Spatial Dimension

We saw in Chapter 3 that interregional or multiregional input-output models were
conveniently represented in partitioned matrix form. To incorporate the Mivazawa
structure into an IR10- or MRIO-style model, assume that we have p regions (k[ =
p) with o sectors (i, j = 1,..., i) each and that we have identified g household
income groups (g.h = 1,.... ¢} ineach region. Then the augmented A matrix would be

.

(A =np) m;m}ml

A=
v 0
Iy =np ) | 7er = e |
where
A” oy Al,’? Cil C_fl]
(st (i) (R TS] (nxg)
S . M — H I . .M
i :3” i - : o - [alj]-tlr'.; no : a3 B [Em !
A AP Lo AP it [ O g
=) {msem) [T ] (nxg)
and
yvit ... yip
{g=n) (gl
= I . R )
i T.u y : "o _[lj'l'i-
et vol ... ye
{g=n) (gl

Notice that consumption coefficients reguire knowledge of the spending habits of con-
sumers in each income group in each region on goeds from each sector in each region,
Similarly, the labor input coefficients require knowledge on payments to laborers in
each income group in each region by each sector in each region.

1 pain, we use B rather than L 1o be consistent with the Mivazawa literuture,

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.

Cambridge, , GBR: Cambridge University Press, 2009. p 276.

http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=310

Copyright © 2009. Cambridge University Press. All rights reserved.

May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable

copyright law.

http://site.ebrary.com/lib/mitlibraries/docPrint.action?encrypted=ale595...

04/01/2011 15:00



Input-Output Analysis : Foundations and Extensions

35 of 60

6.4 Mivazawa Multipliers 277

Table 6.8 Interrelational Interregional Income Multipliers

Region of Income Origin

Region of Income Receipt 1 2 3 + Row Towal
1 123 @12 0le 047 1.57

2 ol 128 003 005 157

3 o1l 0o3 loe o0 1.14

4 D44 056 050 LYY 328
Column Toal 1.8l 199 185 190

Source: Hewings, Okuyvama and Sonis. 20611, Table 9.

The elements in the partitioned inverse in (6.41) will have the same dimensions as
A. namely

B{I+CKVB) BCK

X (i) e figg "
¥ KVE k 0
(P e (o =

Clearly. this is potentially very demanding of data. However, an illustrative application
can be found in Hewings, Okuyama and Sonis (2001 } for a 33-sector, four-region model
{Chicago and three surrounding suburbs), without division into income groups — that
is.n =53 p=4, and g = 1. In this case the income formation impacts are 9eross
regions rather than income groups. In particular. K is a 4 = 4 matrix; it is shown in
Tahle 6.8,

Reading down column | for illustration. we find that from an increase of 51 in income
in Region |, an additional $0.23 is generated in Region 1, $0.11 in Regions 2 and 3,
and 50,44 in Region 4. Column sums have an interpretation similar to the more osual
output multipliers; they indicate the new income generated throughout the four-region
system (Chicago metropolitan area) of an additional 51 in income in the region at
the top of the column. Row sums are a measure of additional income in each region
at the left as a result of a %1 income increase in each region. {As with row sums
of the usual Leontief inverse. these are generally less useful results than the col-
umn sums.} Often, results in empirically derived interrelational multiplier matrices
are normalized in some way o account, for example, for differences in sizes of the
regions being studied. A complete interregional Mivazawa analysis would require that
we distinguish several income brackets in each region (that is, ¢ > 1) and then create
consumption coefficients and labor input coefficients for each of those brackets (in each
region).

12 For additiona] datn ond details on this application, sce Hewings ond Parr (2007 )
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6.5 Gross and Net Multipliers in Input—Output Models

6.5.1 Introduction

Leontief's earliest formulations (for the USA in 1919, 1929, and 1939} were in tlerms
of “net” accounts. The fundamental balance equations had no 7; or ay lerms: in the
empirical tables the on-diagonal elements were zero.

| The interindustry transactions lable] would naturally have many empty squares. Those lving along

the main disgonel are necessarily left open because our sccounting principle does not allow for

registration of any (ransacton within the same firm .. " (Leontief, 1950, p. 13)

The output of an industey . is defined with exclusion of the products consumed by the same industry

in which they have been produced, Thus ayy = a2 = - - = ay = +++ = G = 1 by definition.
{Leontief, 1951, p. 189)

The 1947 US input—output tables discussed and published in Evans and Hoffenberg
{1952y include on-diagonal transactions, coefficients, and inverse elements; in that sense
these tables are "gross.” They point out that the inverse figures can be adjusted to exclude
intra-seclor transactions but they do not suggest that as a preferable alternative. S
Leontief et al. {1933, Chapter 2 by Leontief) the equations in the text are gross but the
tables and the equations in the Mathematical Note to Chapter 2 are net. In virtually all
later publications (for example, Leontief, [966, Chapters 2 and 7) on-dizgonal elements
are included.” (For a thoughtful discussion of net and gross input-output accounts,
sge Jensen. 1974.) This net/gross distinction led to the concept of input—output “net”
multipliers, which we explore below.

6.5.2  Multipliers in the Net Inpui-Outpul Mode!

We consider only square systems. Generating a net model simply means that the main
diagonals of £ and A contain only zeros. and that the gross output vector is reduced
by the amount of each sector’s intraindustry transactions. As usual. denote by Z the
diagonal matrix containing the elements 7. Then let Ly = £ — Zoand iy =%—7:
this latter is a diagonal matrix of sectoral outputs in the net system from which on-
diagonal (intrasectoral) transactions have been removed, ' A's usual, input coefficients
are found for the net system as

Aper = Z.'lrﬂijw.']_l = (& — i}'[i == i}_l

and

(1—Auiy =1—(E—-BE—F)

13 In contrast, Georgoscu-Rocgen ( 197 ) argucs that diagonal clements in un input—output mode! “intemnal Aows™)
must be suppressed.

1% Early input—outpist tubles inthe UK {for example; for 1954 and 1963 ) were presented in “net” form (UK. Central
Sttistico] Office, 1961 and 1970). Fifteen-sector versions of these 1ables appear in Allen and Lecomber { 1975)
und Barker (1975,

15 shemmalive notation uses Z instcad of Zner. and similarly for Ane and xner. We aveid that convention becausc
it becomes cumbersome when the vector xuer needs o hat to indicate the ussocisted diagonal matrix — ond &
* 4™ on Lop of & ™ is jost too much.
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We now examine an alternative expression for the right-hand side. [This demonstration
appears to have originated in Weber, 994 (in German). It is apparently not widely
known, at least outside the German-speaking world. | Using the observation that {x — )
x— f.j'] = L it can be shown that'"

(I~ Ane) = [(1 — ARIE — Z)"!
Taking the inverse of both sides,
Lua = (1 — Aper) ™' = [II— A)RIE— Z) 1)

and vsing the matrix algebra rule for inverses of products (for appropriately sized
matrices) that (MNP)~' = P~/N='M~",

Lyt = R —Z)% "I - A) ' = %t 'L (6.48)

from which
firm}_! et = &L (6.49)

[Notice from (6.48) that Ly = (8 — L)% 'L = (I — A)L, where A = Zz~' |

Consider household income multipliers for the two systems. Given a veclor of
total household income by sector. Z, = [Znti 0w --Intinl then h = z;,i"' and
by = z,l,t)'cm.,uj'l are the vectors of earnings coefficients in the gross and net systems,
respectively. From (6.49),

2y { Xy J‘_!I-m'l =R 'L

or
by Lopsr = AL

Thus, the income multipliers in the two systems are equal, and therefore for studies
in which these kinds of multiplier results are of interest, it makes no difference which
mde] is used.

This resualt 1s equally valid for most other multipliers — value-added, houaszhold
income, polluion-generation, energy use, cte. — associaled with productive activity
( Table 6.4). The only exception is for output multipliers — m{o} = i'L and mio)ps =
i'Lpe . they will not be equa]."' since from (6.48) Lys = !“c,.,,_«.-i"L. However, the
transformation from one to the other is straightforward. namely

—— g ]
Moy = i Ly = 1 XX L

IB This particulur expression for the identity motrix may seem unmotivateed, but it cleverly allows for a significant
rewriting of the expression for (I — Ayer ). For the anterested reader, the derivation is:
d=Auy=ii—AG-H 2 -TE—5) ' = G- —F-DE- =G-x-2"" =
i1 — Fx— )ik —Z)-! = (i1 - A — &)L

I This Fact was noted by Evans amd Hoffenbers {1032, po 140} who used o verbal oreument and not o matrix
algebra demonstration.

1% Except for the trivial and uninteresting case when X = .
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or
mie) = i'L = i'%i%er) ! Lies

(Recall that order of multiplication of diagonal matrices makes no difference. )

150 500 30
Numerical Example’” Let £=| 200 100 400 | so Zpuw=7& — 7=
300 500 50
[ o 3500 507 [ 106007 [.15 .25 .057]
200 0 400 Ifx=|2000|.A=| .2 05 4
A0 300 0 1000 3 25 .05
850 0D 2632 0526
A= | 1900 | Aper =Zuei(Ener)~ = | 2353 0 4211
950 3520 2632 0
1.3651 4253 2509 11603 3615 2133
ThenL= | .5273 13481 .5954 ! andL,, = (I-A, 0~ =] 5010 12807 .5656
5698 4890 I_ZSSSJ 5414 4646 1.2241

In this case,
m(o) = i'L = [2.4623 2.2624 2.1348 ]

m(0hpe = i Loy = [ 22026 2.1067 2.0030]

1.1765 0 0
Here %{&,. )~ = 0 1.0526 0 and so mio} = i (%)~ Ly =
i (W} 10526

11603 3615 2133
[I.]?ﬁﬁ 1.0526 ].'l'.ISEﬁ] SMoO 12807 5656 :[2.4&23 2.2624 2.I.’-43]
S414 4ede 1.224]

as expected.
Finally, let z = [ 100, 120. 80 {household income payments); then

h=[0.10 006 0.08 | andhy, =[0.1176 0.0632 0.0842]

from which
hL = hyerLyer = [ 02137 0.1625 0.1639]

again as expected.

6.5.3  Additional Multiplier Varianis
{Indirect Effecild Direct Ejfecrs) A number of analysts have taken the view
that multipliers should not include the initial stimulus, as they do when the basic

19 W use the 3« 3 cxample from carlier but now disregard the fact that sector 3 is houscholds and simply treat
this 45 a general three-sector mosdel il lustration.
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definition is “total effects”/direct effects.” For example, for output multipliers this
means the 31 of new final-demand for sector | which tumns into 31 of new sector
f output. The usual resolution 15 simply to subtract | from each of the elements in
mio). This is equivalent to replacing L by (L — I} in the formula for m{e}, since
i'L—1) =i'L —i'T = m(e) — i". (For example, see Oosterhaven, Piek and Stelder,
1956,"" OF course this will not change the rankings of the sectors, but it certainly has
implications for other kinds of calculations in which the multipliers are used,

The same adjustment [subtracting 1 or using (L — I}] is appropriate for any Type |
or Type I muitiplier (Table 6.3} As an exampie, when r = h, the Type I muloplier,
m(f}= hL would be converted to hiL. — Dh~' = hLh~! — hIh~! = mi) —i'.

“Crrowih Equalized” Multipliers Policy makers may wish o know the impact
on a-particular sector of a general expansion in final demand in all sectors (for example.
to help identify “bottlenecks™) or of changing patterns of final demand. One approach
involves what have been called “growth-equalized™ multipliers: (See. for example.
Gray ef al., 1979, and Gowdy, 1991, for these and many additional multipliers.) The
motivation is clear: ... size variation among economic sectors prevents meaningful
comparisons of maltipliers ... to add $1 of output 1o some sectors represents a much
larger rate of growth than it would for other sectors™ (Gray el al., 1979, pp. 68, 72,
respectively).

Consider output multipliers; again, the principles are the same for all the other pos-
sible multipliers. The idea begins with the multiplier matrix Mio) = L. Row sums,
Mipli = Li. indicate output effects in each sector when final demand for each sector
increases by 5100, This is generally considered an unlikely scenario; an obvious varia-
tion 15 1o posit an unequal increase in final demand across sectors. For example, instead
of Li one counld use Llff{i’l'}_l Ji. where (F{i'f) "} is a diagonal matrix showing each
sector’s final demand as a propertion of total final demand, f/ 3~ f;: that is, a measure

i

of relative sector size (or impertance ). (Base-year output proportions. x;/ 3 ., could
I
also be used.) Element (1, /) in the matrix L{F{i'F)~') shows the effect on sector { oul-

put of a ${f;/ 3" fi) increase in j's final demand. Then L{F{i'f) )i shows the multiplier
)

effect on each sector’s output of a 51 final-demand increase distributed across sectors
according to their proportion of total final demand.

Another possibility is to use equal percentage. not absolute, demand increases across
sectors. This is the “growth equalization.” For example, elements of the column vector
[Mie) (0,01 = (0.01)L¥ indicate output effects in each sector when final demand
for each sector increases by one percent, and (0.0 LE = (0.01)[m{o)]f indicates the
economy-wide total output generated. We illustrate with the same three-sector figures.

W Since iL -T =Ll —L™'y = LA or (L= I) = (I - L™ "L = AL, these modified multiplicrs could also
be found us ' AL or LA (see de Mesmord, 2002, or Dietzenbacher, 2005),
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For the example.

300 01714 0 0
f=| 1300 | and (fi'F) 1y = j;-;z:,g = 0 07429 0
150 7 ] 0 0.0857
In this case,
"u.zm 0.3159 (.0 15‘[ |'05?1 ‘|
I!.':rt'\—l'u - MAAGNA 1 e s NSt el T n'lJI'l"\—J'lI o 18 AT
LYY e [CREE T S BT V) P e R i aii jrEiie g S = Lalgs >
LUD@? 0.3633 uuuaJ LUS?]JJ

Using a one percent increase for the growth equalization illustration,

40953 55284 03764
Li(0.01F) = | 1.5820 17.5250 0.8930
1.7095 63576 1.9328

and
i'L{(0.01)F) = | 7.3868 294110 3.2022]

Recall that for this example the simple output multipliers were
mig) =il = [2.%23 22624 2.I348]

and we see that the relative importance of the sectors is altered (now it is final demand
for sector 2 that is the most stimulative; previously —in mio) — it was sector 1),

Another Kind of Net Multiplier  Standard input-output multipliers { Tables 6.3
and 6.4) are designed to be used with (multiplied by) final demand. Oosterhaven and
Stelder (20024, 2002b ) have observed that in the real world, “practitioners™ sometimes
(perhaps often) use them incorrectly, 1o multiply total sectoral output {or value added
or employment). So they propose et multipliers (the terminology could be confus-
ing: these are not multipliers in a net model, as in section 6.5.2). Essentially, they
simply convert a standard multiplier so that it can be used in conjunction with total
outputs. For example, their Type [ret output multipliers are i'LE,, where f. = [fi/x):in
their terms, fj/x; is the fraction of ['s output that may “rightfully be considered exoge-
nous” (Oosterhaven and Stelder, 20024, p. 5336). Specifically. they “decompose™ i'Lf
as follows:

i'Lf = m{o)f = mio)fi = mio)it '3 = mio)fx = i'Lix

The net multiplier matriv is thus Lf, and the associated vecter of economy-wide
multipliers is i Lf. = m(o)f;. Other multipliers can be similarly modified.

This work generated considerable discussion and a lengthy and elaborate exchange
(de Mesnard, 2002, 20072, 2007h; Dietzenbacher, 2003, Oosterhaven, 2007}, with a
variety of interpretations and alternalive terminology. In the end, “net contribution™
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or “net backward linkage” indicators were suggested as a more appropriate label than
“multiplier.” We will return to an aspect of this in Chapter 12 on linkage measures in
inpui—output models.

6.6  Multipliers and Elasticities

6.6.1 Ouiput Elasticity

Another approach to compensating for differences in industry size is one step further
from simply considering percentage increases in final demand (as above, in growih
equalized multipliers). The idea is to measure both the stimulus and its effect in
percentage terms — in this case the percentage change in total output {or income or
employment, etc.) due o a percentage change in a given industry’s final demand.
{See, for example, Mattas and Shrestha, 1991 or Ciobamu, Matas and Psaltopoulos,
2004, ) These {percentage change ){percentage change) measures are “elasticities™ in
ECONOMICS terms,

In particular, consider a one percent change in f; only, so (Af)Y =[0,...,
iy
(0, 0. Then Ax = LAF=.| : [ (0.01)f. The economy-wide output change
Iy
isi'ax =i ! | (0.01)fF = me)(0.01)f. This percentage change in total output
'r.'l_.l

{across all industries) that is generated by ((L01)fj has been labeled the ontpur elasticity
of industry j (eej) and is defined as

oep = W0 = (i Ax/i'x) = 100 = mia) [((D.00)f i'x] = mia);[f/i'x)

(1t would be more precise to call this an surput-to-final demand elasticity. to distinguish
it from other elasticities. below.)

Modification of any of the other multipliers in section 6.2.2 — through multiplica-
tion by [fi/i'x] — produces exactly parallel results, giving income, employment, eic.,
elasticities to final demand. Note that these are very similar to the “growth-equalized”

multipliers above; in that case, the modification was produced by |;ﬂ/ E'_,I‘J} while
i
here it is |:f,/ E.‘L:.;i|.

6.6.2  Ouipui-to-Output Multipliers and Elasticities

Direct Effects Starting with £y = ayx;. consider the direct effect of an exoge-
nous change in industry /s output (Axy) — Ax; — Az = ayAxg. This Azy represents
new | output directly required by j. so Ax = Az, and thus Ax; = adog or A /Ay =
djj. Now consider o one percent increase in j's output Ax; = (0.01)y: this means
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Axy = (0.0Lyax;. So the (4, j)th element of the matrix ((L01)AX measures the direct
effect of j's one percent increase in output on industry {. Expressed as a percentage of
i's output, we have 1000Ax; /vy = OO Jagx /v = agx /o, And in matrix form,
this is the (i, j)th element of the matrix 'A%, showing the direct effect on industry i's
output { percentage change) resulting from a one percent change in industry j's output.
This is a direct oulput-to-owipui elasticity, We will meet the matrix i lAR again in
Chapter | 2, where we explore supply-side input—output models,

Total Effects  Elemenis of the Leontief inverse mairix ranslaie final demand
changes into fotal output changes — Ay = {pAf and Iy = Ax; /Af;. These encompass
direct and indirect effects, and they are at the heart of the multipliers explored in previous
sections in this chapter. Again, it would be slightly cumbersome but completely accurate
tor call liy an onfpui-to-final-demand multiplier. Consider ly, the on-diagonal element in
the jth column of L - {j = Axp/Af; or Ay = lyAfy. Define Fj} as lij/ 1y then

}; = "If_.'."ll'lll'_l = I.ﬂ_i']'l,l"ﬂ.f}']f"l &!;..l'.-"_"._lf:l.] = .ﬂ._;.'r-l.-"ﬂ.rj.

or Ax; = [GAx;. Thus, I could be (and has been) viewed as a fotal ouiput-to-output
multiplier.

The matrix of these multipliers, L* = /3], is created by dividing each element in
a column of L by the on-diagenal element for that column — L* = L(L)~'{as usual,
I is a diagonal matrix created from the on-diagonal elements in L). Then each of the
elements in column j of L* indicates the amount of change in industry § output (the row
label) that would be required if the eutprt of industry j were increased by one dollar-"!

Suppose, then, that industry § is projected 1o increase its outpul to some new amount.
Xj. Postmultiplication of L* by a vector, X, wilh X; as its jth element and zeros elsewhere,
will generate a vector of total new outputs, x”. necessary from each industry in the
economy because of the exogenously determined output in industry j. That is,

x' =L% {6.50)

We return Lo this matrix in Chapter 12 in the context of “mixed” input—output models in
which final demands (for some industries) and gross outputs (for the other industries)
are specified exogenously.

Moving to elasticity terms, the (1, fith element of (0.01)1LE gives the (1otal ) new output
in industry i caused by a one-percent output inerease in industry §. So. exactly parallel to
the direct elasticity case. above, the (1, /ithelement of £~ "Li gives the percent Increase
in industry § total cutput due to an initial exogenows one percent increase in industry |
outpul — the “direct and indirect output elasticity of industry ¢ with respect to the output

21 This is equivalent to the “total fiow’ approoch of Szyrmer { for example, Szyrmer, 1997), He mukes acase forthe
unsuitability of the usual cutput mubtipliers (from the standard demand-driven input-—ootput model} for o wide
varicty of reul-world impact studics. Some analysts argee that the fnitial cxogenous onc-dollar stimulus should
be removed from the “total effect”™ caloulation. As was scen above (section £.5.2), this can be accomplished
by replacing L by (L — I, The interested reader should see de Mesnard (2002} and Dictzenbacher | 2005) for
denuils.
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in industry j© (Dietzenbacher. 2005, p. 426). We will also meet this matrix. i Lk
again in Chapter |2 in the discussion of supply-side input—output models.

6.7 Multiplier Decompositions

A number of approaches have been suggested for analyzing the economic “structure”
that is portrayed in input—output data. Multiplier decompositions are a prominent part
of this research, and we explore two of these in this section. ="

6.7.1  Fundamentals
We start with the fundamental input—output accounting relationship

= A x + F (6.31)

(racly [rsem CRELY. sy

from which x =(1— A}~ 'F = LF. We now introduce some algebra that initially appears
unmotivated but it will soon be cléar what is accomplished. Given some t-r&m' adding
and subtracting Ax to (5.51) and rearranging produces

x=Ax—Ax+Ax+f= I—A)x=(A—Ax+T (6.52)
and. solving™ for x,

x=(I— Ay YA —Anx+(I—A)'r

Let A* = (I — A)~ (& — A): then this s

x=A*x+(I— Ay 'F (6.

L
tad

Next, premultiply both sides of (6.533) by A*
Ax={AY S+ AT —A) N (6.54)
and substitute this for A®x in the right-hand side of (£.53)
x=(A ) x+A M- A) T+ A - A7 = AV x+ A+ AT - A)7'F (655)

Again, solving for x.

=TI — (A I+ ASI—A'F (6.56)
i B M- M

In this way the usual Leontief inverse (multiplier) marrix, (I — A)~!, has been
decomposed into the product of three matrices.
22 For an overview of these and several others, see Sonis and Hewings (14944 or additional references noted in

4y Section 14.2, below.
=* Here and throughout we assume nonsingularity of the mutrices whose inverses are shown.
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This algebra can be continued. Premultiply both sides of (5.55) by A",
Afx = (AT x + [A* + AT - A)TF (6.57)
and, again, substitute for A*x in the right-hand side of (6.53)

= (A [T+ A+ A1 — A ' (6.58)

x=T— (AT H+A + A a-4)"¢ {6.59)

e

M3 M2 M

[Compare with the results in (6.36).]

In the context of social accounting matrices (Chapter |1}, where much of the funda-
mental work on multiplier decompositions originated. M is said to capture a “transfer”
effect, M> embodies “open-loop” effects and M3 contains “closed-loop” effects. {For
example, see Pyatt and Round, 1979.) The logic of these labels will be clear in the
interregional context, below.

These iterations can continue any number of times. Afterk steps. the parallel to (1.55)
is

x= A x+I+A"+ AP +--+ @A a-Aa (6.60)

and the parallel to (6.59) is

x=[0— (A I+A* + @A+ @Y a-a-le 6.61)
A M; M,

6.7.2  Decompositions in an Interregional Comfext

For a two-region interregional model (section 3.3) the input—outpul accounting
refationship x = Ax + [ becomes

x’ AT ATX "

x] A.Iul- A.'I.‘- x.ﬁ I‘S
With a view toward decompositions, we can 1solate the intraregional and interregional
elements in A; let

AT AT AT 1] 0 AM
A= AT AW = 0 A ¥ AT 0

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.
Cambridge, , GBR: Cambridge University Press, 2009. p 286.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=320

Copyright © 2009. Cambridge University Press. All rights reserved.
May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable
copyright law.

http://site.ebrary.com/lib/mitlibraries/docPrint.action?encrypted=ale595...

04/01/2011 15:00



Input-Output Analysis : Foundations and Extensions http://site.ebrary.com/lib/mitlibraries/docPrint.action?encrypted=ale595...

/T Multiplier Decompositions 287
2 A" 0 g I—A" 0
Define A = from which (I — A} = |- Then. using
] AY 0 1— A"
the decomposition in (6.56), for example,
. (I— AT} ]
M) =(I—A) o 5
i [I 3= A.ﬁ}_ ]

{from the rule that the inverse for a block-diagonal matrix is made up of the inverses
of the matrices on the main diagonal). Also,

A*=(I1-A)'A-A)
(I—ATy! 0 0 A"
- 0 IT—a"y '] A" 0
0 (I—A™)~IA"
T La—amiar 0

and so. again from (6.56),

I |.I 1 AH':I— IAr.\'
Mr=I+A%= .
1 — A%~ I

Finally. from straightforward matrix multplication.
(1— AT IAr;r[ _ A‘r’-}'!A"r 0

(A*) =
0 (1 — A"~ AT (I — A7) IAT

and so

M= [I— (A" ' =
II—I:I—.'\'l.rl_l.n‘l”lfl—J\”P_zzi”.l_J “

0 [I—(I— A" LA — ATy~ AT

tagain {rom the rule for the inverse of a block-diagonal matrix ).

In terms of intra- and interregional effacts, the matrices in M, are seen to capture
intraregional (Leontief inverse or “transfer”} effects, those in Mz contain inferregional
spillover (“open-loop™) effects, and the matrices in M3 record imrerregional feedback
{“closed-loop™) effects (Round, 1983, 20001 Dietzenbacher, 2002).7* Ag usual, define

LT = [l —}l”—J_I and L% = 1I —A'i":l_l

23 There hive been other definitions of these various effecls in the input-output lierature. beginning perhaps with
Miller § Ho0, 1909) butalso including, among others, Yamada and Thara {1969, Rownd ( 1935, 20011, or Sonis
and Hewings (2000 1),

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.
Cambridge, , GBR: Cambridge University Press, 2009. p 287.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=321

Copyright © 2009. Cambridge University Press. All rights reserved.
May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable
copyright law.

45 of 60 04/01/2011 15:00



Input-Output Analysis : Foundations and Extensions

46 of 60

Miller, Ronald

2HE Multipliers in the Inpul—Output Model

These are the intraregional effects in each region (M ). The two spillover matrices in
M; may be represented as

8% = LA™ and 8% = L¥AY
and the two feedback matrices in My can be defined as
F" = [1 - LTAYL¥AY ]~ and F¥ = [1 — L¥YAYL7A™]~
or
F7 = [1- 878" and F* = [1 - 878!

Therefore, in the two-region interregional context, x = M:;MaM;f becomes

x" | [} I ST 0 £
= (6.62)
x‘.‘ 0 FI:.' SIF I u L.'.'.T f.'f

or, carrying out the multiplications,

x" BT FrrerELLAE fr
x[ FL'l'.'l'S.H'L" F.E & L.'l'.ﬂ [‘.E

6.7.3  Sione’s Additive Decomposition

An alternative decomposition isolates net effects. Starting with the multiplicative result
in (6.56) Jor (6.59), or (6.61)], namely x = MF. where M = M3M:M|. Stone (1955)
proposed the additive form

M=I+(M; —I)+i(M: — DM; + (M; — [IM2M,

My Mz Mz

(This is easily seen to be true by simply carrying out the algebra on the right-hand side. )
Therefore,

x=MF=0If +(M; —DFf +i{M: — DM F +{M; — MM, f (6.64)
M M M3

To paraphrase Stone (p. 162) — in the context of an interregional model — we start with
a matrix of initial injections, If. The second term [I':'I|i'} adds on the net intraregional
effects captured in M. Next (in [\TIgf]l we add in the net interregional spillover effects
in Mz. Finally, the fourth term (M) captures the net interregional feedback effects in
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M;. In the two-region example, these are

: L"—1 0
My=M —1= .
0 0

ﬂ SJ'L' LH’ ,“ u SFJ: le:
ﬁ-‘l::ﬂ'\-l-_r—]le:" —HV -‘2’7 , -‘
S.Tr .“, “ L.t: S.IFL.I'.I B

F.I'J'LHT e Ll'l' FFTSF.'I'LH s SF.TLJ.T

Ic’."- = (M: — IIM:M,; = |: :|
F.'l'.'l'S.i."LFr S SIFLFJ' I;\.T.TLH' == L.FI

While these appear (and are) increasingly complex. they serve to disentangle the

complex net of intraregional, spillover, and feedback effects.

6.7.4 A Note on Interregional Feedbacks

Interregional feedback effects in a two-region input—output model were explored in
section 3.5, 1, They were defined early on (Miller 1966, 1969) for the specific scenario
of a change in final demand in region r only —so AF" 2 0 and Af* =0, Then a measure
of the interregional feedback effect is found as the difference between the output change
in region r that would be generated by the complete two-region model and the output
change in region r that would be calculated from z single-region model. These outputs
are

Axy =11 —A™) — APLEAT] VAL and Ax§ = (T— A7) Afr

iwith subscripts indicating “two-region” and “single-region” models. respectively).
Consider the inverse matrix in Axy, [(1—A™) — A™({I - ATy-lasr]—l

l. Factoring out (I — A™) gives

I — AT — (1 — A7)~ T AmE — A~ Ayt
2. Using the rule that (MN) " = N7'M~", we have

[1— (1 — A"~ A a— A%~ At — Ay~
Using L = (1 — A"}~ " and L¥ = (I — A", we have

Axy = [I— L"APLTA" 7L Af" and Axf =LA
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Finally, using F'" = [I — L" AL“A*]~! from M;. above,
Axf — Axt = FTL"AF — L"AF = (F"L"” — L)AF = (F7 — DL" Af

The F'L™ term is exactly the upper left element in the multiplier matrix from the
multiplicative decomposition in (6.63), and the (F7 — IIL"™ term (for the difference
in gross outputs in the two models) is exactly the upper left element in Ma from the
additive decomposition of net effects.

6.7.5  Numerical {llustration
We reconsider the two-region example from Chapler 3. in light of these decomposition
possibilities. In that example we had

150 500 50 25 75

— 200 100 400 200 100

[ ] 00 500 S0 60 4D
TN Fax

ok 75 100 60 200 250

50 25 25 150 100

and
1000
N 2000
. { ] _ | 1000 ,
I
* 1200
800

with associated direct and total requirements matrices of

015000 0.2500 0.0500
0.20000 0.0500 0.4000

0.0208 0.0938
0.1667 0.1250

Arr A.'I
A= _ | 03000 0.2500 005000 00500 0.0500
- AT A -
00750 0.0500 0.0600 01667 (03125
L0500 0.0125 00250 01250 (L1250
and

1.4234 04652 02900 01917 03041

0.6346 14237 0.6707 04092 04558

L — | 0.6383 05369 13363 (.2501 03108

0.2672 02000 01973 1.3406 0.5473

01468 0.0908 0.0926 02155 1.2538
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In addition,””

1.3651 (.4253 0.2509
L7 =(I—A"y"!' = | 05273 1.3481 0.5954
0.5698 (L4890 1.2885

and
1 o_ ao—1 _ | 12679 04528
Eemll=f = [n_mn I.Eﬂ?i}
From these we can generate the additional components needed for these decompo-
sitions, namely

S =L"A"™ = | 0.2654 02477 | and 8" = L¥A"

01578 01790

0.1119 0.1937
- [n_mm (L0242 0.0411

0.1177 0.0691 D.DH'H}

1.0296 0.0134 0.01891
F'=[1-878""! = | 0.0535 1.0262 0.0359
0.0343 0.0164 10228

and
gy eremy—1 _ | 10488 0.0599
=Rl = [D.EPZEEI.UE‘JT}

The M matrices for the multiplicative decomposition are easily found to be

1.3651 04253 02500 o 0
0.5273 13481 05954 o 0
M, = | 03698 04800 12885 o 0

0 0 0 1.2679 0.4528
0 0 0 01811 1.2075

for intraregional transfer effects, as is expected, since only L™ and L™ appear in this
matrix. Next

I 0 0 0.1119 0.1937

0 ! 0 02654 0.2477

My=| 0 0 I 0.1578 0.1790
0.1177 0.0691 0.0874 | 0
0.0740 0.0242 0.0411 0 !

25 Remember that L' does not designate tse 3 5 3 submatrix in the upper lefl of L. and similurly L™ is not the
2 = 2 submatrix in the Jower right of L.
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contains interregional spillover (“open-loop™) effects only. transmitted from v to 5
{upper right} and from s to r (lower left). Finally

10296 0.0134 0.0191 0 0
0.0535 1.0262 0.0359 0 0
My = | 00343 0.0164 10228 0 0
0 0 0 1.0488 0.0599
0 0 0 0.0228 1.0297 |

identifies inierregional feedback (“closed-loop™) effects.

We frst use the multiplicative decomposition to find x™ = MMM ™"
for our example (Chapter 3) with (F=")" = [ wo oo o []]. This will generate
142.34
63.46
xt — | 6383 | ¢ we found in that chapter. Now, however, the effects can be
26.72
14.68
disentangled. Specifically,
136.51
52.73
1. First, Myf™" = | 3698 | indicates the initial impact in region r, the origin of the
0
0
final demand change.
136.51
52.93
2. Next. MM, ™" = S6.98 | adds ter{ 1) the increases in the two sectors of region
24.69
13.71
s because of the spillovers from r. Note that outputs in r are unchanged from (1 ). since
this calculation is concerned with spillovers only. Clearly the difference between
the results in (2) and (1), Mz M E™" — M ™", will be the vector of changes in 5
only.
14234
63.46
3. Finally, MaMaM £ = | 63.83 | — [p%W than adds in the feedback effects in
26.72
14.68

the two regions — in r where the stimulus originated and in 5 because of the stimulus
from the spillovers. In this case, the difference between the resulls in (3) and (2).
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2.03
| 097 |
[ 5837

| 6.8 |
rin Chapter 3.

Consider now the components of the additive decomposition
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684 | news out the feedback effects by themselves. The first three elements,

10,73 | are exactly the interregional feedback amounts thal we found for region

X = ME = P + (M) — 1) F"™ + (Mz — DM, £ + (M3 — MM, £

—_—

M

[ e .

LT B

These provide the net effects. For this example, these multiplier matrices are

0.3651 0.4253 02509
05273 (.3481 0.5954
R (.5698 (.4890 02885

{0 0
{0 0
i) 0
0 0
‘_\H: — 0 0

0.2469 0.1859 0.1833
L1371 0.0841 0.0858

0.0583 0.0400 0.0400
0.1073 0.0756 0.0753
0.0684 0.0478 0.0477

0.0203 D.0141 0.0141
0.0097 0.0067 0.0067

=
I

The pieces of the decomposition in (6.04) are;
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1™ = is just the initial “shock.”

oo ooQ

]
|_36.5 —|

327

[

1
2,73
. Then I'k"lli'""" = | 3098 | scounts for the indirect effects in #; the sum of (1) and

o

(2} is just M F™", by definition.

0
0
1. Next, Mo = 0 captures the spillovers; this is MaM ™ — M F™",
24.69
13.71
also by definition.
5.83
10.73
4. Finally, Maf™" = 6.84 | isolates the contribution from the interregional
2.03
0.97

feedbacks; by definition this is MMz M ™" — Mo M £,

The matrix components of these decompositions, M and M., are multiplier matrices.
and so various multipliers can be calculated in the same way as was done earlier in this
chapter for L — for example, simple column sums, or weighted sums if employment,
value added or other economic impacts are of interest.

An empirical example applying these kinds of decompositions can be found in Zhang
and Zhao (2005). They present a detailed set of decompositions of initial, spillover, and
feedback effects derived from the 1 7-sector version of the 2000 Chinese multiregional
(CMEIO) model that has been aggregated spatially into two mega-regions — Coastal
and Non-coastal regions.

6.8 Summary

In this chapter we have introduced the reader to a wide variety of multipliers that are
frequently calculated and used in real-world applications of the input—output frame-
work. While the array may seem bewildering at first glance. it is, in fact, incomplete.
For example, instead of using household input coefficients. as in (6.11), to generate
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4 household income multiplier. one can weight the elements of & column of L by the
parallel concept of "government input” coefficients, representing dollar’s worth of gov-
ernment payments by a sector per dollar’s worth of that sector’s cutput. These would be
the elements needed in the added row of an A matrix that was being closed with respect
to government operations, not households. In this way, we would generate government
multipliers. And similarly, other multipliers associated with exogenous sectors can be
caleulated — for example, foreign trade multipliers.

The use of the input—output framework for impact analysis, due to changing fnal
demands. using muitipliers. constituies one of the most frequent uses of the model.
In subsequent chapters we will explore extensions to deal specifically with energy
{Chapter Yyand environmental problems {Chapter [11), and alternative uses of the model,
in which the data are transformed into alternative summary measures of economic
activity such as decomposition of changes over time and linkage analysis. in which the
relative “importance” of sectors 1s assessed.

We explored the added richness of the Mivazawa formulation of a “closed™ model
in which various income-consumplion-output impacts can be isolated. And we also
examined some of the many vanations on early muttiplier formulations — for example,
when the approach is changed from {direct + indirect effects W{direct effects) to (indirect
effects)/direct effects) — which essentially means subtracting one from a traditional
multiplier. We also examined the conversion of {multiplier) effects into elasticity terms,
giving percentage changes due to a one percent increase in an industry’s final demand
or output. Finally, we examined two approaches to the decomposition of multiplier
effects; these provide mechanisms that explicitly identify the routes of transmission
of the initial exogenous stimulus. (Additional approaches to disentangling economic
structure are explored briefly in Chapter 14.) We illustrated these in the spatial case, with
interregional spillovers and feedbacks. The approach is egually insightful for extended
input—output models. as illustrated by the Miyazawa structure. This is a feature of many
studies emploving social accounting matrices { SAMs) and will be discussed further in
Chapter 11.

Appendix 6.1 The Equivalence of Total Household Income Multipliers and the
Elements in the Bottom Row of (1 — Ay—!

Consider the general representation of our 3 3 model closed with respect to households
{sector 3). and its inverse, similarly partitionad.

[ =an)y —aip -
| H””J (1 ﬂrle_J z” i %
- — — 73 —ir
= Ay al 23 no |
G H
—i3] —d3 (1 —aa)
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Tl 1T
HE 3 ki3 5 T
!_l—ii'll_l = ]:: JI:I' r_] 133 =
= - U v
byl In

From results on inverses of partitioned matrices in Appendix A, particularly i 2)in (A4}
G5 4 HU = 0. Here, since H = | — a33. we can write U = a3:U — GS. or

— i 1]
' o a1 i |

4

(%)

Written out and rearranged, this is
IBI =c!31-'T|1 +|:!_‘.2?2I +fi3]j?-l
.7_13 = i?."-iFIE +ﬂ3:-71: + ﬂaal_'u

The three terms on the right-hand sides are exactly the terms in (6.12) —m{l); =
n+l =
¥ dpeyily —forf = 1and j = 2, where the {(n + 1) = 3 and i = 3 terms are those in
i=1
the household row (or column). Thus, #(f) = [5; and Mmif): = ln, and thisis always
true, for any m(fr) ;. for a model of any size with households endogenous. This is (6.13).
namely @) = Ly

Appendix 6.2 Relationship Between Type | and Type I Income Multipliers

To examine the value of the ratio between type Il and type I income multipliers, we
again use results on the inverse of a partitioned matrix. To begin we note, for any seclor
. that both multipliers —in (6.14) and (6.15) — have the same denominator, @y, ;, and
thus the ratio of the two multipliers for sector f is

i T
mih)y R,
By= — = (A6.2.1)
mih) :
d Z tpt I.|'J|.‘j
i=1
. Ly Lz
In matrix terms, with L = . the numerator of the ratio in (A6 2 1) is the
Ly Lo

jth element of Ly and the denominator is the corresponding element of h'. L. Thus the
n-element row vector of these ratios is

R=I[R.....Ryl = Lasl (W' L] (A6.2.2)

The reader should be clear that this matrix operation divides each FrH Fifice o Iyt by

)
the corresponding 3~ .:r”_,.[.,;f,;.. {Racall also that the notation (x) is used instead of X
i=l
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when the vector being diagonalized is represented by a matrix expression containing
several elements, so that the hat does not fit easily.)
Again using results from Appendix A on the inverse of a partiioned matrix (specif-
) (1—ap) —ap —a E F
ically A.5), and with (I — A) = | —@u1 (l—an) . T I
G H
—d3] —d31 (L —aa)
we see that the components in (A6.2.2) are

L = —LniGE™Y) = —L»(GL) and h'.L = —GL

Thus R = — Lo § GL{—GL)]7! = L [1,.... 1] = Laoi’; that is. the ratios are
(el tbmmy  frxm tlely  (Ixm)
all the same and are equal to the element in the lower-right of the closed model inverse.

For the numerical example in section 6.2.2, we found that the ratio of these multi-
pliers, which we designated &, was 1.29. Recall the inverse for our small example, in
1.365 0425  0.251

0527 1.348  0.595

{5.6), namely L= . where, in particular (to two decimals),

0.570 0.489  1.289
Lx: = 1.29. (Differences are due to rounding and the detailed precision of the inversion
pro<ess. )

This constancy of the ratios of the two types of multipliers was apparently first
demonstrated by Sandoval (1967}, in an article in which he showed that the ratio is
equal to |{l - 51}| /L= A, the ratio of the determinants of the Leontief matrces
inol inverses) of the closed and open models. [The reader familiar with determinants
can easily verify this for the numerical example in this chapter — [{I — A)| = 0.7375,
|(T—A)| = 0.587875 and (to two decimal places) [(I— A)|/[(I—A)| = 1.29.] In
producing his result. Sandoval did not use results from the inverses of partitioned
matrices but rather from the general definitions of inversés in terms of determinants
and cofactors. (Other discussions of these topics can be found in Bradley and Gander,
1969, Kate, 1980, and ten Raa and Chakraborty, 1983}

Problems

6.1 Rank sectors in terms of their importance us measured by output multipliers in each
of the economies represented by the data in problems 2.1, 2.2, and 2.4-2.9 (include
problem 2,10 3f you did i)

6.2 Consider one {or more) of the problems in Chapter 2. Using output multipliers, from
problem 6.1, in conjunction with the new final demands in the problem in Chapter 2,
derive the total value of output (across all sectors) associated with the new [inal
demunds. Compare your results with the total output obtained by summing the ele-
ments in the gross output veclor which vou found as the solution o the problem in
Chapter 2. [In matox notation, this is companng m(e) A6 with 'Ax = PLAL we
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know that they must be equal. since output multipliers are the column Sums of the
Leontief inverss — mio) = i'L.|

6.3 Using the data in problem 2,3, find output multipliers and also both type Land type Ul
income multipliers for the twio seclors. Check that the ratio of the type Il to the type |
income multiplier is the sume for both sectors.

6.4 You have assembled the following facts about the two sectors that make up the econ-
omy of 4 small country thal you want Lo study (data pertain to the most recent quarter}.
Total mierindustry inputs were $30 and $100, respectively. lor Sectors | and 2, Sector
1's sales 1o final demand were 360 and Sector ©'s total output was 100, Sector 2's
sales 1o Sector | were $20 and this represented 10 percent of Sector 2's total output.
Alter national elections are held, it may turn out that different government policy will
be forthcoming during the first quarter of the coming year.

i,

b.

In which of the two sectors does an increase of 100 in govermnment purchases have
the larger effect?
How much larger is it than if the 5100 were spent on purchases of the other sector?

6.5 Consider an input output economy defined by £ = [ G20 ] and x = [ . ]

a.

OO 50 1000
In the siuation depicted in that question, il you were asked to design an advertising
campaign to stimulate export sales of one of the goods produced in the country,
would you concentrate your elTorts on the product of sector | or of sector 2 or on
some combination of the two? Why!

. If laborinput coefficients for the two sectorsin the region were found to be sy, = 0.1

and a3z = (118, how might your answer 1o part {a) of this question be changed, if
at all?

.65 Using the elements in the full two-region interregional Leontiel inverse from problem
1.2, lind:

il

b.

Simple intraregional output multipliers for sectors 1| and 2 [the vectors
mic)™ and mie}™, as in (6.23) and (6.26)];
Simple national (total) output multipliers for sectors | and 2 (vectors

mic)” and mic)®, as was done in {6.20) in the ext];

. Sector-specific simple national output multipliers for sectors | and 2 in regions r

and . (This means finding the four multipliers in mio)™ = [m(2)], m{a)], mio)],
m[fﬂ'zr-,] and mie) ™, defined similarly. )

6.7 On the basis of the results in problem 6.6, above:

4.

b.

For which sector’s output does new final demand produce the largest total
intraregional output stimulus in region r? In region 47

For which sector in which region does an increase in final demand have the largest
national (two-region) impact?

. To increase the output of sector | nationally (i.e.. in both regions). would it be

better to mstitute policies that would increase household demand in region « or in
region 57

. Answer question {¢) if the objective 15 now b increase sector 2 output nationally,
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6.8 Answer problems 6.6 and 6.7, above, for the multiregional case, using the elements
in {1 — CA)~'C from problem 3.3,

6.9 The government in problem 2.4 15 interested in starting an overseas advertising and
promotion campaign inoan attempt to increase export sales of the products of the coun-
try. There is specialization of production in the regions ol the country; in particular,
the products are shown in the Lable below:

Fegion4  Region & Region

Manufacturing  Scissors  Cloth Pottery
Agriculture Oranges  Walnuts  None

For which product {or products) would increased export sales cuuse the greatest
stimulation of the national economy?
6.0 If you have software (or patience), find (1 — Ay| / |(1 — A)| for our numerical exam-

A5 025 0 05
ple in which A = [i; ﬁ;} and & = |20 05 40 demonstrating that it is
I 30 25 05

equal o (1/g) = 1.29, as in Appendix 6.2,
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