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7 Nonsurvey and Partial-Survey
Methods: Fundamentals

7.1 Introduction

The heart of any input—output analysis is the table of input—output coefficients describ-
ing the relaticnships between inputs and outputs for a particular economy. To produce
a table based on a survey of establishments in the economy is an expensive and time-
consuming task, not only at a national level. but also for regions (states, counties,
metropolitan areas. etc.). In this chapter we examine some approaches that attempt to
adapt older tables to reflect more recent economic conditions or to borrow information
in a table for one economy to use for a different economy. In a very general way, these
may be thought of as modifications of tables over time or across space, respectively.

7.2 The Question of Stability of Input—Output Data

One of the most serious concerns of those who use input—output models in applied
waork is that the table of technical coefficients available to them for the economy that
they are studying will generally reflect data from a much earlier year. For example. a
survey-hased or so-called benchmark US input—output table based upon 2002 transac-
tions was not generally available until 2007, These time lags reflect the fact that when
establishments in different industries are surveyed for information regarding their pur-
chases of inputs and their sales of cutput. it takes a great deal of time to obtain the
data. organize the information, and reconcile inconsistencies — for example. reported
purchases of sector { goods by sector j establishments may differ from reported sales
by sector | to sector j establishments. (We will return to this reconciliation problem in
section £.%.) This 1s a general and continuing problem with survey-based tables.

[t is clear that techniques of production will and do change over time. for a variety
of reasons. Among others:

L. Thereistechnological change itself, whereby new technigues of production are intro-
duced in a sector (e.g., replacement of some human labor with robots in automobile
production).

2. If there is a large increase in demand for the products of a particular sector, output
will increase (subject. of course, to capacity constraints), and the producer may
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experience economies of scale. For example, if the scale of operation of a firm was
very smull at the time it was surveved, relatively large material inputs per dollar of its
output might be recorded. Later, after the level of production is increased, economies
of scale might be reflected in lower amounts of at least some inputs per dollar of
output. (In terms of the usual production function geometry, as in Figare 2.1 (),
such scale economies mean that esch isoguant represents a higher level of output
than under the original conditions of production. )

3. New products are invented (e.g.. plastics) which means both that {a) there may be
an entirely new sector — row and column — in a sufficiently disaggregated table or at
least the proeduct mix will change in an existing sector if the new product 1s classifiad
there. and (b} it may be used to replace an older product as an input to production
in other sectors (e.g., plastic bottles rather than glass for soft drinks).

4. Relative prices change, and this may cause substitution among inputs ina production
process {e.g.. aswitch from oil to natural gas as an energy source after a sharp increase
in oil prices).

. The more aggregated the input—output table. the greater the number of distinct
products that are encompassed under one sectoral classification. To recall an extreme
example from Chapter 3. if the food and kindred products sector produces mostly
tomato soup in one year. there will be a need for tin cans in which o package
the output. If. in a later vear. the output of the food and kindred products sector is
primarily chocolate bars, paper will be required for wrapping the product. not tin.
Thus the relative proportions of products that are mixed together in a sector will
influence the aggregate production recipe (column of input coefficients) for that
sector.

6. Changes from domestically produced to imported inputs — or from imported o
domestically produced — will alter the economic interrelationships between sec-
tors in the domestic economy. This 1s particularly noticeable in interregional and
multiregional input—output models.

]

For reasons such as these. an economy’s technical coefficients matrix will change
over time. Attempts o quantify these changes are often termed studies of structural
change. Many of the earliest studies were primarily concemned with measurement of
this change. and we examine several of these in this section. A second avenue of inguiry
has concentrated on the decomposition of changes into two or more componentis of the
overall change. We explore a number of these studies later, in section 151,

721 Stability of National Coefficients

Leontief (1951, 1953) was the first to use a national input-output model to study struec-
tural change, specifically for the US economy over the period 1919-1939, Structural
change in his view is a change in the technical coefficient matrix of the system. Leontief
also introduced the idea of substituting one or more {ultimately. all) columns of old
input coefficients into a new technical coefficients matrix. Kapemitsu and Ohnishi
(1989} used a similar partial substitution method to study technological change in the
Japanese economy for the 1970- 1980 period.
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In the 1953 publication, Leontief examined the overall effects of structural change
by forcing (1) the 1919 US economy to satisfy 1929 final demands (and comparing
the result with actual 1929 outputs) and (2) the 1929 US economy to satisfy 1939
final demands (and comparing this result with actual 1939 outputs). This has become
a standard approach to measuring the overall effects of technical change. An early
application is in Rasmussen (1957, esp. Chapter 9), where changes were measured for
the Danish economy over the 1947-1949 period.

Following this approach, Carter { 1970 analyzed the changes in the US economy in
some detail as they were refiected in the 1939, 1947, and 1958 US inpui—output data.
With, say, a 30-sector classification, each vear's table of technical coefhicients would
contain some 2500 a;; coefficients, or there would be 2500 elements in each of the Leon-
tief inverse matrices. It is not immediately obvious how best to compare three sets of
2500 coefficients in order to judge how “different” they are. In general, then, summary
measures of comparison become necessary. We briefly explore two kinds of compar-
isons: one uses aj; coeflicients directly. and the other is based on the Leontiel inverse.

Comparisens of Diveci-fnpt Coefficienty If one constructs two-dimensional
plots. in which the horizontal axis is used to measure the size of particular coefficients
in the earlier year (fp) and the vertical axis measures the size of coefficients in the
later year (11). where the scales along the two axes are the same. then a particular ay
coefficient will have as its horizontal/vertical coordinates the value of that coefficient
at time Iy and at time £} — a{fp b and ajjir) ). For an n-sector economy, there will be n’
points in sach a figuare.

If all coefficients remained unchanged over the period. then all the points would fall
along a 45-degree line. On the other hand, for coefficients that have increased over time
the points will fall above the 45-degree line. Similarly, if coefficients have decreased
aver time, the points will tend to fall below the 45-degree line. Carter examined figures
of this sort for given sets of seclors as inpuis (that is. the ay for specific I's) and
found. for example. that input coefficients for the “general inputs™ sectors (energy.
transportation, trade, communications, and other services) lended Lo increase over time,
while those for materials inputs did noL. Industry-specific analyses showed, for example,
that coefficients measuring iron and steel inputs to productive sectors (ayj, where { = iron
and steel) clustered generally below the 45-degree line, when fp = 1947 and 1 = 1958;
similarly, those for aluminum inputs {«;;. where { = aluminum) tended to cluster above
the 45-degree line, for the same time period. This clearly reflects decreased use of iron
and steel and increased use of aluminum as inputs to productive processes over the
19471958 period.

Comparisons of Leemtief Inverse Matrices One way to quantify in an aggre-
gate way the effects of input—output coefficient change over time is (o compare the total

output vector that would be needed for a given set of final demands. using the Leontiel

inverses from various technical coefficients matrices. For example, Carter used actual
US final demand in 1961, F(1961), in conjunction with L(1939) =[1 — A( 193991,
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L1947} and L{1958) to calculate x{1961,/1939), x(1961/1947) and x(1961/1938).
For example,

x(1961/1939) = L(1939)£(1961)

Here x(1961/1939) represents the gross output that would be needed from each sector
of the economy to satisfy 1961 final demands if the structure of production were that of
1939, (Inall cases, these were technical coefficients matrices that excluded households. )
Eepresentative resalts (Carter, 1970, Table 4.1, pp. 35-36) were as follows for total
intermediate output — total output, x{ 1961/ 19xy ), less final demand. £{1961) - (o satisfy
known 1961 final demands (in millions of 1947 dollars and for xy =39, 47, or 58

& Lsing 1939 coefficients — 324,288
& Using 1947 coefficients — 336,296
¢ Using 1958 coefficients — 336,941
& Actoal 1961 output — 334,160

The implications are that, over time. intermediate input requirements are relatively
stable. Carter suggests that the small increase in total intermediate input represents
a slight increase in specialization within sectors and a relative decrease in the use
of labor and capital in later years. Overall. while there were noteworthy changes in
specific sectors, it appeared from this study that in most sectors structural change was
very gradual. This. of course, supports the contention that input—output coefficient
tables may remain useful for a number of years, even though the year in which they
were constructed may appear to make them out of date.

A sampling of later studies following this same general approach includes:

& Vaccara {1970). The issue was US structural change over 1947, 1958, and 1961 using
the 1947 and 1958 US input—output models. in this case focusing on both gross and
intermediate output. the latter W remove the possibly dominating influence of sales
to final demand.

Bezdek (1978) looked at the same guestion of structural change and extended Vac-
cara’s analysis to 1963 and 1966, using data based on somewhat different conventions
{for example. regarding transfers). i

Bezdek and Dunham (1975) also employed this line of inguiry. They vsed an aggore-
gation of 80-order data sets (for 1947, 1958, and 1963) to 11 “functional industries™
and made comparisons of theirresults on intermediate output change over 1947-1963
with the similar work (using other aggregations) by Carter ( 1970 for the USA. They
also compared their 1958-1963 results with those reported by Stiglin and Wessels
{1972} in a study with a similar purpose for (what was then) West Germany over
19581962,

I There is & good deal of other work, not all of it poblished. by Yaccura andfor Bezdek and others whe were o one
timwe associated with the US inpul-outpat projects in the Office of Business Economics (OBE) or, more recently,
the Bureau of Ecoromic Analysis (BEA) of the US Department of Commerce,
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In many of these studies that used data from several consecutive time periods, the
objective was often to try to determine whether trends observed in earlier periods
appeared to continue to later periods. To the extent that regularities could be uncovered,
the hope was that they might suggest approaches that could be used to update or project
interindustry data in the absence of complete surveys. In general, that goal proved
elusive; as observed in one study, the changes seemed to be “highly erratic, uneven and
unpatterned.” (Bezdek, 1975, p. 224).

Blair and Wyckoff (1959) examined changes in the US economy over 19631980,

They considered not only the endpoint years {(the 1963 and 1980 tables, the latier an

update of 1977) but also data from the intervening 1967, 1972, and 1977 survey-
based input-output tables. To assess the effects of changes in final demand, they
held preduction technology in its 1980 form and forced that structure to satisfy, in
turn, the final demands for 1972, 1977, 1980, and 1984. In addition. they alse Axed
a vector of final demands (for 1984} and used it with the varying technical coeffi-
cients matrices for 1972, 1977, and 1980. From these experiments. they concluded
that the two methods for assessing structural changes overall produce roughly similar
results.

tither Summary Measures  Column sums of A matrices (with, say, house-

holds exogenous) show how a given sector depends on other sectors for inputs. I

E.“u”il] =132 and Z“fj“l 1 =0.54, we would conclude that sector | became more

dependenl upon other hECiD[h in the economy in the period from & to #; and also that
sector | depended less on primary inputs — labor, capital, imports. These represent kinds
of sectoral “linkage” in an economy. as do column sums of Leontief inverse matrices
toutput multipliers. Chapter 6}, These and other linkage concepts will be taken up in

Chapter 12. The point here is simply to note that they provide alternative kinds ol

summary measures by which to examine coefficients over time.

Brata for the US Economy  Appendix B contains a representative set of his-
torical input—output data for the US economy aggregated 1o seven sectors. Other data
for the US and additional economies with more sectoral detail are on the website at
www.cambridge.org/millerandblair.

.22 Constant versus Current Prices

In studies such as Carter’s that attempt to identify structural (technological) change
it is appropriate to express the inpul—output relationships in constant dollars. Suppose
that zittn) = 340, xpfp) = F1000, 700y ) = 5160, and xy(ty ) = 52000, Recall {Chapter 1)
that a transaction in value terms, zjj, is a physical flow from { to §, 5;, multiplied by
the price of input i, p;. Then. in terms of current values (at Hme fg and af time §),
ajjlig) =0.04 and ag{t)) = 0.08. This doubling of the input coefficient from sector i o
sector f might be interpreted as a reflection of technological change — a doubling of the
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importance of good { in industry j°s production process. However, if the price of input
i increased over the period. then the difference between aj;(ty) and ay(f) would be at
least partly due to this price change, and to the extent that this was the case 1t would
not reflect any changed technological relationships at all. To cite an extreme case, if
the price of good | had doubled and if the same physical flow was used in time f,
then the zii(t1) = st )it ) =5160 reflects entirely a change in the price of i. If this
were reduced to the price level at fp — if py(y) were divided by 2 — then in constant
(fo-level) not current (f-level) dollars (1) is just $80; thus, expressed in constant
doiiars, ay(i)) = 5832000 = (.04, and we wouid conciude that there has been no
structural change at all in the way input { is used in production by sector j. This 1s
why constant-dollar comparisons are generally used in studies that attempt to identify
structural change in an economy.

However, in addressing the guestion of coefficient stability over time (which is,
ultimately. the question of whether or not “old” tables can be used reasonably in “new”
times), current values are appropriate. There are two reasons for this. In the first place,
when input prices increase, the price of the output produced from them will tend to
increase also. Recall that the denominator of aj; is x5, which is a physical output, 5,
multiplied by the price of f, p;. In the example above, if good { were the only input
to sector | whose price had increased, it is not likely that the price of j would have
doubled also. but it might well have increased slightly in the period from # to f.
However. if prices of all (or most) inputs to j had increased over the period. then the
price of § is almost certain to have gone up also, so there will be some compensating
movement in the numerators and the denominators of the ag. Thus, coefficients using
current prices are likely to exhibit more stability, since price changes will be reflectad
in both numerators and denominators. This has been noted repeatedly: early studies
include Tilanus and Rey (1964) at a national level and Conway { 1980) at a regional
level. More recently, in a very large study Shishido er al. (2000) use 45 individual
coefficient tables for 20 countries and one region in China (there were tables for several
different years for many of the countries) to examine coefficient change as an economy
develops.

Secondly, due to the necessity of dealing with aggregated classifications, sectors
contain a wide variety of individual products. Suppose that products ¢ and b are clas-
sified as belonging to sector { (for example, heating oil and natural gas in the energy
sector). If the price of one of these products, say @, rises relative to the other, then
in establishments in sector § where substitution is possible between a and b, there
will tend to be replacement of the higher-priced input, a, by the lower-priced one, b.
This substitution, in turn, will tend to stabilize the value of the transaction 7. when
that value is measured in current dollars, even though the physical composition of
the transaction may be quite different at #; from what it was at fy. (For example,
if the price of oil rises relative to that of natural gas. a transaction from the energy
sector to sector § may contain relatively more natural gas than oil in #) as compared
with fp.)
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7.2.3  Stability of Regional Coefficients

In Chapter 3 we saw that a regional technical coefficient, af, can be broken down to the
sum of the regional input coefficient, aff. and the coefficient representing the amount
of good f produced in other regions thal is used per dollar’s worth of outpul of sector
Jin region r, a;}" (where 7 indicates regions other than ry; ajj =aj, — fr;?. (For studies
that concentrate on a specific region, where it is nol necessary to use a superscript o
designate the particular region, the simpler notation rjy =a; — my; is often used for
regional input coefficients, technical coefficients, and "import” coefficients. ¥ Both the
technical coefficients and the import coefficients. which represent irade patterns, are
likely 1o be subject to variations over ime. This has led to the speculation that regional
coefficients are likely to be more unstable than technical coefficients, since they are
made up of two unstable components — technical coefficients and import coefficients.
For example. suppose qyite) = 00 agin ) =02, myitn) = 0,05, and my (1) =0.1. Then
ripttn) = L0, rylt) =001, and the percentage increases in a. myy and ry from & to &
are all 100, On the other hand, if mgir) ) =0.08, then rjifg) =0.05, rp(r ) =0.12, and
the percentage increases are 100, 60, and 140, for aj, my;. and ry. respectively. Thus,
in this case, the regional input coefficient is more unstable than either the technical
coeflicient or the impon coefficient. even though the latter two moved in the same
direction over iy to f].

An early study of coefficient stability at the regional level can be found in Bevers
{1972}, who used three survey-based input—-output tables for the state of Washington,
for 1963, 1967, and 1972 (Bourque and Weeks, 1969; Beyers et al., 1970; and Bourgue
and Conway. 1977, respectively). Results of an examination of the regional input coef-
ficients for the 1963 and 1967 Washington survey-based tables. in current dollars, are
not conclusive (Beyers, 1972, Table 4. p. 372). For example. examination of the 388
coefficients for which aj; experienced a change over the 1963-1967 period revealed
that in 21.3 percent of the cases there was no change in mj;: the change in r; was the
same as in gy, In 16.2 percent of the cases. ajf and my; moved in the same direction
and there was no change in ry: in these cases the presence of both @i and my; in the
definition of ry was “compensating.” In 10.4 percent of the cases, ay and mjy moved
in opposite directions and hence led (o a more unstable rjj. However, in the remain-
ing 52.1 percent of the cases, the effects were ambiguous — either ay. my. and ry all
moved in the same direction or a4 and my moved in the opposite direction (both of
these kinds of movements may or may not lead to more instability in ry than in either
aj or my). For example, if ayiio) =02, ay (6 ) =019, mgte) =005, myit) =001,
then ri(fn) =0.15 and ri{t) =0.18. While both ay and my have decreased over time,
rij has increased, and the percentage change in #y (in absolute terms) is larger than
the percentage change in ay — a 20 percent increase versus a 5 percent decrease,
respectively.

2 In interregionn and multiregtonn] models we generally distinguish between inputs that come from ether regions
in the notional econemy and those that are imported from outside the notion. 1n the general discussion of this
chapter. “import” meuns “not produced in the region.”
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Examination of the Leontief inverses for the regional input coefficients and regional
technical coefficients for the two years showed “the regional [input coefficients]
matrix appears somewhat less stable than the [regional] technical requirements matrx™
{Beyers, 1972, p. 372). However, the amount of change was relatively animportant
for overall impact analysis. For example, in an analysis of the Leontief-Carter type.
total 1967 output calculated by using the 1963 coefficients matrix and the 1967 final
demand was found to be only 2.3 percent larger than total actual 1967 output; interme-
diate output was 1L3 percent larger. However, the usual caveal applies; namely, some
individual sectoral outpuis were badiy estimated using the 1963 matrix {the worst being
overestimated by 77 percent). Further analyses of the Washington survey-based data
{Conway, 1977, 1980) arnve at similar conclusions.

Another early study using survey-based state-level data is to be found in Emerson
{1976), based on tables for Kansas for 1965 and 1970, including full import and export
matrices. The results are, like those for Washington, not terribly conclusive. Although
there were some changes in the import coefficients. and consequently in the Kansas
regional input coefficients, the problem was judged to be “not acute but . . . of sufficient
importance o warrant concern’ (Emerson, 1976, p. 275). Also, Baster (15980} supplied
some evidence on relative stability of trade coefficients in a study for the Strathclyde
region in Scotland. At the level of the individual firm or establishment. 79 percent of the
coefficients showing imports from the rest of Scotland were constant over the 1974-
1976 pertod. and an additional 13.5 percent of the coefficients varied by no more than
10 percent over the period. At the sectoral level (that is, aggregating establishments).
over 940 percent of the import coeflicients were stable.

7.2.4  Summary

There is no guestion but that coefficients change over time. at both national and at
regional levels. It Is also apparent that for aggregate kinds of measures, such as total
economy-wide output associated with a specific vector of final demand. the error
introduced by using an “old” table may not be large. On the other hand. there are
other much simpler methods for forecasting total output that are not muth worse. Asan
example. Conway (1975) estimates total ‘k\nahmglon 1967 output, i ‘x H%T} using
known total final demands for 1963 and 1967 — i'F" (1963) and i'f" (1967) — and total

1963 output, i'x M (1963). His estimate is simply

" (1967)
M (1967) = (i (1963)] | e
IV (1963)

This is known as a “final-demand blowup” approach: in the Washington case it led 1o
an overestimate of 3.1 percent (Conway, 1975, p. 67). as opposed to the input—cutput-
generated error of 2.3 percent noted above (Beyers, 1972, p. 368). That is, there are
much simpler ways to be not much worse off. at this very aggregate level. OF course,
the main point of the input—output model is precisely that it generates resulis al the
sectoral level, and for this kind of detail out-of-date tables can produce considerable
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error. For this reason, there is ongoing concern with improving techniques for updating
or projecting input—output data. We examine some of these below and in the following
chapter.

7.3 Updating and Projecting Coelficients: Trends, Marginal Coeflicients,
and Best Practice Methods

rends aind Exlmpafﬁ.! ian

1 4
S
ey
-

input—output coefficients might be a tempting approach to the prﬂh!em of estimating
probable changes in input—output coefficients over time. Given two or more coefficient
matrices defined for an economy over the sume set of sectors, linear {or nonlinear) trends
could be established for each particular coefficient. and then extrapolations could be
made to the vear in question {with negative coefficients set equal to zero). For example,
if a particular a;; at lime fy equals 0.2 and if the coefficient for the same / and j is 0.15
three years later (fg+ 3), then a linear trend extrapolation would suggest that at ig+ 6. ay
would be equal to 0. 10, This is of course a very elementary kind of “analysis.” Twoearly
studies found. not surprisingly. that such extrapolations generated worse results than
simply using the most recent coefficients table; see Tilanus (1966} for the Netherlands
and Barker (Allen and Gossling, 1975, Ch. 2) for UK tables. This approach is no longer
given much attention.

7.3.2  Marginal Input Coefficienis
Suppose that one is forecasting into the future from the current year. f, to some future
year, | + 5. Given A{f) and a forecast of F{f + 5}, one would then estimate x(t + §) as

xif +5) = Linfir +x) (1)

where Lit) = [1 — A(n)] ", Suppose that, in addition 1o the current-vear data, there is

a set of input—output data for a previous year, f — r. Then one could generate a set of

marginal input coefficients, af, defined as

gl —milt —r) Ay
iy —xlr—r) ~ Ax

ﬂf;{ﬂ =

These coefficients relate the change (from vear 1 — r to vear 1) in the amount of input

i purchased by industry j to the change (over the same period) in the total amount of
[ produced. To the extent that the average and marginal coefficients differ. the latter

may reflect scale effects. The argument can be made that the marginal coeflicient better
reflects the inputs from f to § that would be used when the output of sector f changes,
due 1o new (forecast) final demands.

Forexample, let zij({ —r) = 53500, Zif (1) ="5360, x; (1 —r) = 35000, and x; (1) = 56000,
s0 that a1y = 5560 /36000 = 0.0933 and anlry= 560/51000 =0.06. Putting ourselves
back to year £ — r, ai(t — ry=5500 fSSE}Uﬂ 0.1, If at time ¢ — r we had “forecast”
(1) 1o be 56000, our estimate of z;(f). based on the usual average input coefficient,
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would have been ayi(l — rix(r) = (0.1){36000) = $600. However, if we had had a
marginal coefficient at f — r, a;.[r — r). we could have made a forecast of zjif) as
gilth =zt — )+ Azg = gyt — r) + ag(f — r)dag =550+ ajir — r$1000). In
particular, if our estimate of aau — ri had been 0.06 [which 15 our a;-{rj ], our estimute
of zyitiwould have been perfect. at $560). This is the basic idea behind the use of
marginal coefficients for forecasting. The alternative to estimating directly the level of
new output. at time { 4+ 5, as in (7.1 ). s to forecast the change in output, using marginal
coefficients, and add it to the current level; that is

x(t + 5y = x(1) + ax = L0 + LD AE (7.2

where AFf = F(r+5) — (), L7 (1) = [T —A*{1)]” ! and A*(r) is the matrix of marginal
input coefficients. Since the elements in x(f 4 &) are found using a combination of
current average coefficients. A(t). and marginal coefficients, A"(f}. this is in effect a
way of introducing changing coefficients over time into the analysis.

Although the idea of using marginal coefficients to reflect changes in input-oulput
structure has a certain logical appeal, early experiments by Tilanus { | 967 ) on a series of
Dutch national input—output 1ables for 13 consecutive vears { 1948 through 1960) were
not encouraging. For r =35 (that is. caleulating marginzl coefficients over the previous
five-year period) and s=1,2.3.4! /> and 6' /1 (years of projection), using marginal
coefficients in this way gave results that were not as good as when the most recent table
of average coefficients was used — the approach in (7.1) tumed out to be better than
that in (7.2).

7.3.3  “Best Praciice” Firms

An alernative approach for projecting the technology in an input-output table in the
future is the “best practice” firm idea pioneered by Miernyvk (for example, in Miernyk.
1965). In constructing a table for short-term forecasting into the future — say, three o
six years — Miernyk suggested that one not gather current information from alfl firms
in each sector, or even from some random sample of firms. Rather. one should obtain
data only from the “best practice” firms in a sector — those that are technologically
mast advanced at present. Such firms can be defined as those for which the ratios of
employment or wage pavments Lo total gross outpot are relatively low (“low labor
intensity”} or those with relatively high ratios of profits to total gross output. Firms
could be identified as belonging to the best practice group 1f they satisfied any one or
only if they satished several of these (or similar) criteria simullaneousky.

The logie is that these firms, which are somewhat unusual currently {in the sense
of being “better than average” for their sector), probably represent the technology that
will be generally in use in the future — the best of oday will be the average of the future.
There are many obvious objections to this idea — why should “best” today be “avernge”
in five vears for all sectors? Is this approach valid for three vears, or five vears, or seven
years in the future? And so on. But in its favor is the fact that it is a workable, feasible
way of constructing technical coefficients matrices that are more likely to represent the
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future structure of production than would a table that was constructed to represent the
average structure in each sector today.

7.4 Updating and Projecting Coelficients: The RAS Approach
and Hybrid Methods

741 The RAS Technique

Early work at updating input—output information. done under Stone’s direction, is
reported in Stone (1961); Stone and Brown (1962); Cambridge University. Deparni-
menl of Applied Economics (1963} and Bacharach (1970). Because this technigue
requires less information than is useally obtained in a survey of the sort that under-
lies survey-based inpul-output tables, it is often referred to as a partial-survey. ora
nonsurvey method. It is now recognized that full surveys are generally impractical and
that a “hybrnd” approach is called for. in which some kinds of superior information
{from small, focused surveys, expert opinion. ete.) are incorporated mto an otherwise
“nonsurvey” [:u'nr:vm:h.lrf:.j In this section we examine the widely-used “RAS"” procedure
{also known as a “biproportional” matrix balancing technigue): the origin of the name
will become clear in what follows. There have been numerous variations — attempts at
refinement and improvement of this procedure — and research continues to be active.,*
Later we will see how additional information can be incorporated into the basic RAS
procedure, producing an example of a hybrid technigue.

To begin. assume that we have an input—output direct input coefficients table for an
n-sector economy for & given year in the past (in what follows. we will designate this as
year “0") and that we would like w update those coefficients o a more recent year (for
example, the current year, which we will designate year “1"). Using obvious notation.
we have A(0) and we want A(1), the n* coefficients for the i sectors in the economy
for the more recent or current year.”

The RAS technique generates an estimate of these coefficients from 3 pieces of
information for the year of interest {year 1). These are: (1) total gross outputs, x1; (which

are also peeded with survey-based transactions information): (2) total interindustry
Ll
{intermediate) sales, by sector — for sector § this is ¥ zi;. which is the same as total

=l

n
output of sector ¢ less sector I's sales to final demand (since x; = 3 zj; + fi) and (3)
J=1
]
total interindusiry purchases. by sector — for sector j this is ¥ 7. which is the same
i=1

See Lahr { 1993) for a thorowgh discussion and an exfensive set of references. As noted by Richardson {1955,
p. 624} “If survey-hased models are too expensive, conversion of nutional coefficients too mechanical. and
short cuts too unreliable, the hybrid approaches are the wuve of the futre.”

An excellent overview of RAS and similar matrix adjustment techniques is to be found in several of the chapters
in Allen und Gossling | 1975}, which also contains a good list of early references. See wlso Polenske { 1907) for o
thorough critical review. An important newer reference is the June, 2004, issue of Econamic Sysfems Research,
& special issue on “Biproportional Technigees in Input—Outpat Analysis,” edited by Lahr end de Mesnard. See
especially the kead articke by the editors (Labr und de Mesnard, J004).

5 The RAS approach is usually presented in the context of updating coeffictens, and we maintain that viewpoint
in this section. As we will luter sce, one can equally well use RAS to update fransactions and then derive updated
cocificients from those updated transactions.

=
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as x; — vy {total output of sector § less total purchases by j from the payments sector —
labor inputs to sector f, imported inputs to sector J. taxes paid for government services,
interest paid on capital loans, rental payments for land, ete.}
n n
It has become conventional in the RAS literature o define v; = Z! zyand vy = ZI Zif+
i= i=
iy |
as vectors, theseareuw = | - | and v = | : |. Since these need to be known for vear
|y | I ¥n
1, they will be designated w( 1) and v{1). (In using w and v. we are following established
convention in the literature on nonsurvey techniques. Throughout this text we have also,
following convention, used ¥" for the value-added (row) vector. Also, in Chapter 3
we followed another convention in using U and 'V for the Use and Make muatrices,
respectively, in a commodity-by-industry input—output accounting framework. The
context should always make clear what 15 intended. }

Thus, the problem that the RAS procedure addresses is: given an n = i matrix A(D)
and given three n-element vectors for a more recent year—x(1), u( 1), and »(1} - estimate
Ail}. We denote this estimate as A(1). Il we are dealing with, say, a 25-sector economy.
we are estimating the 625 coefficients in A( 1) from 75 pieces of information. These are:
(1} the 25 row sums of the unknown transactions matrix, Z(1), namely wil) = Z(1)i:
(2} the 25 column sums of the same matrix. ¥(1)' = i'Z(1) Jor vi 1) = Zi1Vi]; and (3)
the 25 year-1 gross outputs, x{1). which are needed to convert an estimate of & 7;(1)
into an estimate of a technical coefficient ag(1).

We develop the procedure for the general 3 3 case, and then present a 3 = 3 numerical
example. The potential usefulness of the technique is in real-world applications. where
the number of sectors is much larger than three and hence the difference betwean n”
and 3a is large, For example, with an 80-sector table, n* = 6400, whereas 3n = 240,
For the general 3 x 3 case. we assume thal base-year coefficients are known,

an {0y a2y a3y
Al = [ax i gy anilh (7.3)
a0y @) @z

and for the “target” year we have

Xyl (L) vl
(1= a1} |, wll) =] wa(L} |, w1} =] vall]) (7.4)
a3 1) () vall)

Initially, assume A(0) = A{l), namely that the technical coefficients have remained
stable over lime. To test the credibility of this hypothesis, we investigate whether or not
it is consistent with year-1 information on mtermediate sales and purchases. These are
row and column sums of the transactions matrix, so iLis necessary loconvert coeflicients
into transactions — here this means that our initial estimate of the target transactions
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matrix is Z' = A(0)%(1).” Here this is

ap (0 agad0)  ap3(03 ] | x01) 0 1]
g AKX = [ an () a22(0)  ax3(0) 0 x3{1) 0
ay (0 ad0)  aiz(0) 0 0 xl)

a0 (1) a{Mxa(l)  azi0xzl)
= anfMxp (1) app{Diaail)  az(Dixzi1y (7.5)
azpfxil)  azai{0xzil)  aza(0ixz(l)

The issue 18 whether (or how well) the row sums and the column sums of the matrx
in (7.3) correspond to our information about the target year economy —u( 1) and v{1).
Starting with row sums, we need (o compare u” = Z% = (AR with u(1))]

If u” = uil), Z" has the correct row sums. It then remains 1o be seen whether the
column sums of Z% match the known interindustry purchases given in v(1), iz’ =
vi 1), our work is finished. since the old technical coefficient matrix, A (0), in conjunction
with the new gross outputs. x{ 1 ), generates the proper target year interindustry sales and
purchases. Since the w(l) and ¥(1) are row and column sums of the (unknown) Z(1)
mutrix, they are sometimes referred 1o as “marginals”™ or “row and column margins”
of Z(1).

It is much more likely that the no-change hypothesis fails - that u #
u(l) andfor 9 Z wv(1). Specifically, suppose that row sums of the matrix in (7.5)
are unsatisfaclory;

ay (0 (1) + ap (Mt 1)+ aa (Mxa( 1) = o £ w(l)
az (D (L4 g (Oixail) + axz (il = u*lj Z#= i) (7.6)
a1 (D) (1) + az(Dixad ) + a0 l) = “fi' Z= uzll)

If a particular u}-" = wjil). the elements in row { — a;(0), @2(0), ap(0). in the
example — are larger than they should be, since the xp(1), x2{1). and x3{1) contain
“updated”™ (target vear) information. |Similarly, if nf < upi 1), the elements of row &
im A are smaller than they should be.]

Let u;fl :II.'rl'i? = r']-! {the first of what will be o series of adjustment terms); when
u}’ = uwi{ll, rjI < |. Let i=1 for illustration. If each element in row 1 of A{0Q) is
multiplied by r]-!_. each of those elements will be reduced. In particular, this operation
generdtes a new set of coefficients in that row which, when multiplied by the x(1), will

sum to oy (1) exactly. which is what we want, Letting Frﬂll 0y = ”El- r;':u]i[]} = ull!,

® We use the notation Z% because this represents an estimate of Z{1} based on no change in A 10}, Subsequent
estimates of the true 1) will be denoted 21, 22, 24,

7 Similarty, 0” = ZU will be the first of a series of estimates of the true u(l}, aguin based on the ro-change

hypothesis.
& From (7.0 we have ay (00 (1) + a2 00 i 4oy s il = nlf whcn:.uﬁ' = 1y (1) Letting J'll = u|LJJ_."ul|’.
and multiplying through by rl, we buve rlag i () 4+ mfap 0o + rlagg o) = o] =

{%)u?:u]ﬂﬁ.
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and rllal;{ﬂ} = ”:_1- row 1 of A(0) has been altered to produce a new set of coefficients
that constitute our first estimate of a better set of values, in the sense that they satisfy
the target year information in w (1) exactly.

Similarly, if u? < nall), we form r_,l = ual I]lj"rrg' = 1. Multiplying the elements in
row 2 of A(0) by rg has the effect of increasing each of them sufficiently so that the
new second row sum will equal the known uwzi(1). {The demonstration follows exactly
the same argument as in footnote 8.) Letting rzlagl{{ll} = ail.r%ﬂ]][[]} = aglg and
r:].az:.l[{]'} = a:l._;, we find a modified second row of A(D). where in this example all
elements in this row have been increased. These are our first estimates of a betier set
of values for row 2 of A(0). Similarly, for row 3, since ug' #= w31} in (7.6), we use
r_% = Jf;(l,'l,r'zig' to multiply each coefficient in the third row of A{0) — reducing them if
niil) = rr'ﬂI and expanding if r3(1) = rr'ﬂI — producing the known target year row sum
wi(l). )

This is the logic of the row adjustments. Algebraically, we want to multiply row 1
of A(D) by r]'. row 2 of A(0) by r% and row 3 of A0) by r_-:. and this is accomplished
using a diagonal matrix made up of the r'. {As we have seen earlier in this book,
premultiplication of any matrix, M. by a diagonal matrix, I} = [d;], has the effect of
multiplying row { of M by the element d;.) Thus a first estimate of a target-year A

matrix, denoted A", is given by

rfo 00
Al=10 r 0lAD (7.7)
0 0 r;J

The superscripts (at present, 1) in the description of the RAS technique refer to the
“step” in the procedure: A' is our first estimate, which means our estimate after the
first step of the procedure; A” will be our second estimate (and not “A squared™), and
s0 on. This may appear cumbersome at first, but it turns out to be useful notation. as
we will see. Letting rl = |r]'_rl_ r{]_

rho00
i'=|0 1 0
0 0 rl
the result in (7.7} can be expressed as
A=A (7.8)

The composition of ! can easily be described using the “hat” notation once again
to convert a vector into a diagonal matrix and recalling that the inverse of a diagonal
matrix is another diagonal matrix whose elements are the reciprocals of those in the
original matrix. Therefore

= [a)a® ! (7.9
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Following this first adjustment of A{0) we have a better estimate of Z(1). namely
2 = A% = PlA(D)R(1). with a set of row sums, u', that correspond exactly to
u(1). From (7.%) and A(D1%(1) = 0", we know that

nnh

u' = ZYi = [f AR = [[a DG oy

i =i (7.10)
(It was to ensure this equality that the modification of A(() 1o Al was made; this was
illustrated in the previous footnote. )

The next issue, then, is whether or not the colurmm sum information for the target year
is captured in the improved matrix, A'. For that question we need 1o compare v( 1) and

iZhyi=v' = [uf 1‘;} 1'3[]r. the mew column sums. These are
crl'l.rﬂ 1 +n§].1.'[[IJ - c!_ﬂ'ﬂ.n (= l“lll — uél - u_{JJ.n (1) = 1'|'
ﬂ‘::.l’gi Ly + ui}rgq 11+ ([_-E:_l'g{] = i.:.r:1 - ”;1 - ﬂ'_{:prg” b= 'r:l (7.11)
”}s-'-'-’il Ly + l'..l';}.l'j{] 1+ H_%].'t_a{] y= m{?_ - a%; - f_r_%_,_}.rj.q 1}y= 'r_%
It 1-'|' = w¥(l} 1'{ = wva(1), and |'3{ =v3(l). then Al = ,-i[li. since il generates row
and column sums that correspond to the observed uil) and v(1).

In most cases. however. ¥! 2 v{1). and so it is now necessary to modify the elements
inA' column by column. For example, if 1': =v1{1] —the first A" column sum in (7.11)
is larger than it should be — let v ( i},-'r: = s; and multiply through the first equation in
{7.11)." The superscript on s: indicates that this is our ffrst modification of coefficients
in order to meet column sum information. The modified coefficients in column | are
then .S:EJ':J. Sll"zll . and I:Li_-:l'. we denote these f.rfl.ug:. and u_:,;‘. The superscript 2 on
the coefficients denotes that this is our second modification of elements from the original
A(0) matrix.

Similarly. let .;l_ — v;il};‘v:! and .;_% — t'_:.:iil.-'r:[_ If a particular vj{1} = I'J;I, the
associated s} = | and the elements in the fth column of Al are all increased when
multiplied by .:J!. On the other hand, if vy (1) < 1'E . then .H'E < 1, and each element in the
kth column of A" is reduced when it is multiplied by .!E_. When a particular vy (1) = 1'..!,,,
the corresponding 5}, = 1. and the elements in column m of A! will not be changed,

Algebraically, we now want 1o multiply column | of A! by \} column 2 by .ri.
and column 3 by sé. Postmultiplication of M by a diagonal matrix has the effect of
multiplying column j of M by the element d}. so we form a second estimate, A, as

s 0 0
Al=a'lo & 0 (7.12)
0 0 s
Letting s' = [s}, 53, 51], this i
gs =[5, 5.5] thisis
1 -
AT =l (7.13)
¥ This gives ﬁtmh -'-.uél +u:§l+.1[-:ll =r:u|[ = |l[l:ll."1': |l.': = i |1 which is what we wont
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Given vi1) and v!. we see that
al e aly—1
§ = [¥(](v) (7.14)

[Compare #! in (7.9).] With this set of adjustments, we know that the column sums are
correct; 77 = Agli[ 11]. and

(23 = [AX%(]T = v (7.15)
of Al to A7 was made
AT = Aims! (7.16)

Ignoring superscripts, hats, lower-case letters, and the (0), denoting base-year informa-
tion, we have “RAS” on the right-hand side of (7.16). This is the origin of the name
of the technique. The point here is that the R is seen to refer to a diagonal matrix of
elements modifying rows, the A to the coefficient matrix being modified, and the 8 to
a diagonal matrix of column modifiers.

While A% in (7.12) now contains elements that, in conjunction with x(1}, satisfy
the (1) margins [as in (7.15)]. it will generally be the case that in modifying A'
to A% we will have disturbed the row sum property of A', given in (7.10). [Except
in the case where 3! = I. meaning that A also satisfies all of the column margins
exactly, and then Al is our desired ﬂ:(lj_] Therefore, we must now test A~ for row
sum conformability, in the same way that we tested A(0), originally, and the reader
can see where this is going. Each subsequent row modification will generally upset the
previous column modification, and vice versa — a column modification will upset the
previous row modification. We explore one more iteration — a row and then a column
modification.

Thus, we now find Zi; that is

ro2 2 2 2
an fpp | oy 0 0 ! iy
a3, a3y a3 0 xily 0 1| =|u3 {7.17)
2 2 2 2
La3, a3, a3 0 0wy 1 103
- 7
uy
and let u® = | w2 |. (The superscript on u indicates our second set of row sum esti-
ol
L i3

mates.) If, as is likely, u® # w1}, we repeat the steps used in forming the diagonal
row-modifying matrix — rE =1l ],-'ull. r_} = i l};u% and r]: = u(l ,'l,.-'u_% —and define

7

i o 0
=0 2 of=rlan)e)! (7.18)
00
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[Compare il in i7.9).] Note that the numerators in the r; ratios are always the same,
namely w;( 1} — the number that we want. The denominators change, since they represent
the “latest” estimates — here ul-" instead of HI-I.

The entire procedure now follows the pattern that we have already established. If
PP =1 then A? contains elements that satisfy both column and row margins, and we
use it as A(1). If not — if u? = u{l} —then we generate a further estimate of A{0) as

A= A7 (7.19)

The construction of #* assures that the row margins are now met.
The issue then (again) is whether the column sum properties of A” satisfy the known
target-year information in v(1}. Thus r]:. 1»'%. and 1'33 are generated, as in (7. 11} with a
.

here replacing a,ﬂ; in that equation. Let v = | v2| 1 if v = v(1). then we have in A* a

|
2
5
]
3

matrix that satisfies both row and column margins, and we use it for A(1). Ifv* = v(1),
we form

= ! (7.20

exactly as in (7.14), but using the elements in ¥? rather than those in v!. Then our next
estimate of A{0} is given by

At =A% (7.21)
Mote, from (7. 16) and (7,197, that
A = #FEhAoE) (7.22)
and from (7.21)
A = [FE1AmE'E (7.23)

Clearly, ¥', &, 8!, and & are all diagonal matrices (3 » 3 in this example), so, for
example,

rEr]' 0 0
Fell=| 0 rirl 0
0 0 r_%rjl

And similarly for (5'8%). By repetition of these procedures, we would find
A’ =

[ |
A = [P A (0)[518%8%)
(7.24)

AT = [ EAO)[E! - 8]
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Letting £ = [+ -#'] and § = |8' ---§"], and. again, ignoring hats, lower-case letiers
and the (0), the right-hand side of {7.24} is “RAS.” As mentioned earlier, this is the
origin of the name of the procedure.

One may reasonably ask: how many alterations using row and column balancing
factors will be needed until the adjusted matrix satisfies the row and column marginal
totals for year 17 And, for that matter, do we know that. eventually, they will be satisfied,
or may the sequence of adjustments make things continually worse instead of better? In
general, it has been found that the RAS procedure in fact does converge. That is, after
row adjusiment #+! we are closer to ui ] than we were after the previous adjustment,
i*, and after column adjustment 1! we are closer to v(1) than we were after §%.!"
The number of adjustments needed depends at least in part on how close one wants the
row and column margins of the adjusted matrix to be to the known target-vear values
u{ 1) and ¥{1}. One criterion is to continue the matnx adjustments until all elements in
both [|uil} — u* |1 and [Iv(l) — W |] are no more than £, where £ is some small positive
number, say ﬂ.ﬂ:[}l. This means that each uﬂ" 15 within 0,001 of the desired (1), and
also that each v} is within (LO01 of its associated (1),

For cases in which one is interested in assessing impacts on an economy of some

Sutire event, a projection of an existing technical coefficients matrix is called for. One

approach is again to use the RAS procedure. where now the values in the w. v, and x
vectors must be forecast into the future year 7 these estimates w(t), v{7). and x{t)
will then be used along with the current or most recent base matrix. A{0).

7.4.2  Example of the RAS Procedure
We illustrate the mathematics with a 3 = 3 example. Let

A200 100 .49
Ay = | 210 247 265 {7.25)
0 249 (145

The information necessary for a full survey-based coefficients table for the target year.
A1), would be interindustry flows, Z(1). and total outputs, x(1). Suppose, in fact, that
we have

98 7275
Liy=|65 & a3 (7.26)
88 27 44
and
421
x(1) = | 284 (7.27)
2H3

" These technical maticrs, dealing with properibes of the RAS technigue. including convergence, are beyond the
scope of this book.
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Consequently,

u(l)=[245 136 159] (7.28)
and

vil)=[251 107 182] (7.29)
and

(2328 2535 2650
Al = [Z[&(1] = {_nm 0282 _zzzﬁJ (7.30)

2090 0951 (1555

The point of partial-survey techniques is to develop reasonable estimates of the
elements in A(1) in the absence of this kind of information on the full set of ransactions
in Zi1). To use the RAS approach, we need only the marginal information in u(1) and
v({1). along with x(1) — as in (727 (7.28), and (7.29) — and the original or base year
coeflicients matrix, A{0), as in {7.25)

Beginning with the conjecture that the coefficients have notchanged, we first examine
the row sums of A(0X(1), as in{7.5), in light of u(1). Here

50520 28400 13.867
Z' = A0)%(1) = | 88410 T0.148 74995
10946  70.716 4|.{}35J

and
o' =z'i=[92787 233553 122697]

Clearly. this is nowhere near to w{ 1) in {7.25) and adjustment is needed. To begin, then,
ri = wi(l)/u} = 245/92.787 = 2,640, r] =0.5823 and r! = 1.2959. Forming #' as
in (7.9}, we have

16405 0 0 ‘|
P =m@y'=! o 035823 o0
0 0 2959J

and our first adjusted matrix, A Lis

3169 2640 1294
Al=¢lam =1 1223 1438 1543 (731
0337 3227 1879

The elements in #! assure that the row sums of A'%(1) will equal ui 1), asin (7. 10).
Checking the column sums of A1) against v(1), we have

v = [A'R(D]T=[199.06 20748 133.46]
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and this is wide of the mark. since
v(l)=[251 107 182]

Then, asin (7, 14),

12609 0 0
g=mEh'=l o 05157 0
0 0 13637

and. following (713}

_ 3995 L1219 1764
Al=Als = | 1542 pe6l 214
0425 1664 2562

In this example, we arbitrarily set £ = (0.005. meaning that the altermaling row and
column adjustments would continue through the kth adjustment, when [u;(1) — erf-“i =
0.005 and [v(1) — V}'I =< DS for i, f = 1. 2, 3. For this example. k = 12 (six row

adjustments and six column adjustments were needed). The final matrix, A 12 55

) 3924 1219 1596
ALy =A% = |.1509 0661 .1897 (7.32)
0592 (1887 2938

Rather than print all the present matrices, Al through A 1 Table 7.1 gives the succes-
sive values of two representative coefficients, ay) and a»3, beginning with the original
A0 matrix and continuing threugh each RAS iteration. In Table 7.2 we record the
three elements in [u{l) —u" | and the three elements in fvil) — ¥ | itransposed to make
them row vectors, for ease of presentation). for b = 0 through 13, The £ = (0 line shows
the row and column differences using A(0)x{1) — that is. assuming A{0) = A(l). As
expected, at & = | the row margins, in wi |}, are satisfied exactly — all zero elements in
[uil) — u'] — but the column margins, in v(1), are not. Then, step 2 adjusts for these
column constraints — generating zeros in [v(1) — v*] — but throwing the row sums out
of balance with u(1). Therefore. for odd values of &, the u differences are all zero; for
even values of k, the v differences are all zero. ALk = 13 (that is, following & = 12,
all differences are less than 0.005 10 absolute value (for the frst tme), and hence the
RAS adjustment is terminated. Finally, in Table 7.3 we present the elements of each of
the matrices, ¥' through ¥ and &' through &7, as in A™ in (724},

It is of interest to compare our RAS-generated target-year matrix, A(l}with A1) in
(7.30), which we would have available to us if the entire set of interindusiry transactions
in Zi 1) had been known.

B 3924 1219 159 2328 2535 2650
A(ly=| 1509 0661 .1897| and Afl)=| .1544 0282 23226
529 (1887 2938 2090 0951 1555
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Table 7.1 Values of a|) and g23 at Each
Step in the RAS Adjustment Procedure

bl

ap) a2

o 120 265
1 3169 1543
2 3995 214
3 812 a6
4 3957 913
k] 3902 1912
] 30931 1900
7 34920 1900
g 3026 JHOE
9 34923 JE9E
10 3425 1897
11 3024 1897
12 34924 1897

Table 7.2 Differences from Row and Column Margins at Each Step in
the RAS Adjustment Procedure

k [uil) —u*]’ [vil) — ]

0 1522130 —07.5530  36.3030 1011240 —622640 521030
1 0 0 0 519376 —100.4750 485383
2 —11E0SS  —035328 213383 0 0 0

3 0 0 0 92120 —4.1679  —5.0441
4 _34458 _—0723 3518l 0 0 0

5 0 0 0 1.8586 —e862 11724
6 7008 —0024 7122 0 0 i

7 0 0 0 3798 —1394  —2404
8 —.0451  _.0007 (1450 0 0 0

9 0 0 0 0778 —286  —0402

0 —0287  —0002 0299 0 0 0

1 0 0 0 0159 —nopse  —0lol

12 —.oo6l 0 0061 0 0 0

13 0 0 0 0033 —oni2 —o02l

Even casual inspection shows that there are significant differences in most of the
elements in these two matrices.
Define an error matrix. E(A), as E{A) = A1) — Ail). Here

A596 0 —1316 —.1054
E(A) = | —0035 0379 —.0329
—.15361 0936 (1383
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Table 7.3 Elements in the Diagonal Matrices i and
Fotork=1..... 7

k i #

I 26405 SR23 0 [.2959 1. 200w SI15T 13637
2 0544 4345 11550 103K] D625 8730
3 DHEGI R 10226 10075 S Ry Rt e
4 971 1000 10045 100Ls SUET JGOHT
5 Hang Loong  Loooe 1003 gy Boay
L] 099 LOOmM 10002 100 L] oo
7 | AR 10000 10K L0 O D00

[‘jotice that column sams of E(A) are zero: this reflects the fact that column sums of
A1) and A(1) are equal. except for rounding in this small example.'’

An alternative way to express the errors in each of the coefficients is to convert the
elements in E(A) to percentages. Define P(A) =[p{a);] where

plaiy = llﬁ,i_f —ayi 1) fagi1)] = 100 = [ledaly]fagi )] = 100

These are the absolute values of the errors as a percentage of the corresponding true
coefficients in A{1). For this example,

68.6 519 398
PiA)y=|[ 23 1344 148
747 934 EE9

Viewed in this way. alse. it is clear that some of the RAS-estimated coefficients
are wildly different from their survey counterparts. Six of the nine RAS-generated
coefficients are in error by more than 530 percent — not a very successful estimate,

There are many measures available for quantifying the “difference” between two
matrices. We illustrate several of them, The mean absolute deviation (MAD) simply
averages the elements in E(A), ignoring sign:

n A

MAD = (1/n") Y} leta)y]

=1 j=I

In our example, MAD = { 1/9){(.8589) = 0.0954. This represents the average amount
{whether positive or negative) by which an estimated coethicient differs from the true
coefficient. The mean abselute percentage error (MAPE) performs the same averaging

11 The RAS murgin| construints assure that FZi1) = 1'Z11. Since Z(01) = At b and Zih = ALl
VA1) = PAD ) and so (postmultiphying by (#0101 PAD = VAL
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on the elements in P{A ), namely

n M
MAPE = (1/n%) Z Ep{a},}

=1 j=I

For this example, MAPE = {1/9)(575.38) = 63.76, which means that, on average,
each coefficient will be either 63.8 percent larger or smaller than its true value; that is,
it will be “in error” by 63.8 percent. [If the direction of error is thought to be important,
then we could generate the elements in the P{A) matrix. retaining the signs. However. in
that case. it is not very meaningful to find an average over all elements, since positive
and negative errors would offset each other.] By these measures (and others. which
we need not explore here). the matrix produced by the RAS procedure in this small
example does not appear to be a particularly good reflection of A1), At least this is the
implication of these measures that examine the element-by-element accuracy of All)
as compared with A(1). In larger examples, more representative of real-world input—
output tables, there are more elements available for adjustment in any row or column
and. in thal sense, there is more fexibility in producing an estimate of the target-year
matrix.

Another point of view is that while this individual cell accuracy {sometimes called
pariitive accuracy} may be important for some kinds of problems, the ultimate test of
a set of inpul—outpul coefhicients 1s how well they perform in practice {also sometimes
known as helistic accuracy).'” That is, perhaps we should be more concerned with the
relative accuracy in the Leontief inverse matrices associated with Alyand A(1). Here

15651 4684 6146
Lil)=| 3463 1.1509 4144 (7.33)
A264 2465 1.3829

and

. 17703 3293 4888
Lili=NE—Acly ' = | 3310 L1940 3935 (7.34)
2210 3438 1.5583

The associated error matrices are

2052 —.1386 —.1258
EiL) = [ —01533  .0341 —.0189
—2054 0973 754

and

131 296 205
PLy=| 44 28 46
482 395 127

12 These terms are from Jensen (For example, Jensen, 19510
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For this small example. percentage errors in P(L). associated with the Leontief inverse
matrices. are generally considerably smaller than those in P{A).

Alternatively, consider the output multipliers associated with L(1) and I:.{ lhomio) =
[2.3378 18748 2.4119] and m(o) = [2.3223 1.8676 2.4426]. The vector of
percentage errors, expressing each [mio); — ﬁi[a}_,-] as a percentage of mio); is
pim) = [U.frfl 0.38 —].2'."]. This indicates much closer correspondence between
the estimated and true multipliers than might be expected from E(A) and P(A), and
even from E(L} and P{L}. .

The power series expressions for L and L are helpful here. namely

L=T+A+A 4+ A+ andL=T+A+ A2+ A3+,

From these, the (row) vector of multiplier differences can be expressed as

L iL=fL-Li=FI-D+iA-A +iAT - A +iA —AH+.-
Clearly i'(I — I) = 0, and also i'(A — A= i'E(A) = 0, as noted above. Therefore.
FL—FL=0+0+{A2— A+ (AT — ATy +--.

We see that the first two terms in the expression for the output multiplier differences

are zero, (In the example in Table 2.5 we saw that these two terms in the power series

accounted for between 85 and 92 percent of the total output effect.)

Comparison of multipliers is a test of the model in vse, with specific final-demand

vectors — [1, 0, 01, [0, 1,01, and [0, O, 1], respectively. We can also compare the
800

performance using any arbitranly chosen £(1) vector. For example, let £{1) = | 700 |
300

then from the Leontief inverses in (7.33) and (7.34),

176420 1793.74
x(1)=| 121329 | and X(1) = | 1219.25
928.54 584.95

Again, expressing the differences as a percentage of x;(1),

1.67
plax)=| 0.49
—4.60

The effect on the gross output of sector 3 is underestimated by almost five percent while
the other two outpuls are much more accurately estimated. Of course, results of this
kind depend on the arbitrary £( | ivector used for the illustration,
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Conclusions suggested by this example are: (1) the RAS procedure may generate a
technical coefficients matrix that does not look very much like an associated full-survey
miatrix, but (2) an A matrix estimated by RAS may perform relatively well in practice,
that is, when converted to its associated Leontief inverse, in terms of the sectoral gross
outputs that it preduces in conjunction with a given £i 1} vector. We will examine another
holistic measure of performance in Chapter &, when we explore differences in output
multipliers in a regional input—output model,

7.4.3  Updating Cocfficienis vs. Transactions

Early discussions of the technique assumed that one begins with a base year A: this is
explicit in the "RAS™ name. It appears that Deming and Stephan ( 1920} first used the
biproportional adjusiment technique that later became known as RAS. Leontief (1941)
suggested a similar pair of influences (on rows and on columns ) to account jointly for
coefficient change. Stone and his colleagues at Cambridge apparently were unaware of
this work when they proposed it in 1962 {Bacharach, 1970, p. 4; see also Lahr and de
Mesnard, 2004 ). The Cambridge work emphasized operations on a base-year coefficiem
muatrix, even though Bacharach (1970, p. 20) suggests that the ultimate interest wis in
a target-year fransaclions malrix.

In fact. this bipropornional matrix balancing approach can be egually well applied
directly te a base-year transactions matrix. Z{0)}, in conjunction with the required
marginal information, x(1). u{J} and v{1}. In lh]s case, there 1s no need to convert
the coefficients at each step, A*. to transactions, ZF, in order to check the degree of
conformity with u{1) and vil), There seems to have been some uncertainty in the lit-
erature on whether or not the end results of the two exercises — directly altering A vs.
directly altering Z — are the same.

In the former case {updating A), denote A"U] = rJ'A.{ﬂ}s leading to Vi {1} =
AHIJL{IJ and in the latter case (updating Z), let Zzilj = “ZZiﬂsz leading to
A‘fq 1= Z%0 Ehit =1, The question is whether or not AA{]} = A% 1y or FA D=
ZZ(1) (where superscripts indicate which matrix was used in the updating procedure).
The answer is that it makes no difference which kind of matrix is used as the base for the
updating procedure (coefficients or transactions); the results from the two approaches
are the same. (See Dietzenbacher and Miller. 2004, for a proof).

Numerical flustrarien This is the data set for the closed model in Chapter 2.

Call this vear O data:
150 500 50 1000 A5 25 05
Ziy=|200 100 400|., x(0)=|[2000|. A(D=].20 .05 .40
300 500 50 1000 30 25 .05

13 See for example. the sequence of opiniens expressed in Okuyama er al, (20077, Fuckson and Murmy (2004,
and Crosterhaven (2005)
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Assume that we have the following year | information (necessary for RAS):

1200 T8O 740
X(1)=12500!, wly=1} 810!, w()y=1_1270
|4ﬂ{}J IUS(]J 630 J

Coefficient updating. Start with A{0). In this case we find

lrﬂ.lﬁ'?{} 0.2205  0.0460
A 01752 00423 03529

03046 02452 00511

For ease of presentation, we have rounded all coefficients to four digits and all
transactions to whole numbers. In this case, the associated transactions matrix is

i 164 551 o4
ZiY =A% = | 210 106 494
365 613 ?EJ
Transaction updating. Start with Z{0). RAS provides the update
164 351 o4
) =22 = | 210 106 494
Bs 613 72 J

illustrating that Z4(1) = ZZ(1). Also, from this.

) i 01370 0.2205  0.0460
A =Z5(DENT = | 01752 0.0423 03529
03046 0.2452 00511

and ;i"l[ 1y = ;!-Lzr,L 1). This does not prove but illustrates what is a general result.

7.4.4  An Economic Irterpretation of the RAS Procedure

In the preceding sections, we have illustrated the mathematics of the RAS procedure for
sequentially adjusting rows and columns of a given coefficient matrix, A(D), in order
to generate an estimate of a more recent matrix, A{1), where only x(1)., u(1}, and v(1)
are assumed known for the target year, 1. When the adjustment process is terminated —
because the row and column margins are within the prespecified level of error, £, from
the elements in w1y and v{1) — we have

Ally = rA(DIE {7.35)

As we have seen, each element r; in r multiplies each element in row i of A(0) and
each element 57 of & multiplies each element in column f of A(0) —for i, f=1...., .

In this “vpdating”™ procedure, one might well ask why this kind of uniform pro-
portional change should be expected for the elements in rows or columns of A(0).
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In the early development of the RAS procedure, Stone (1961) described the uniform
changes along any row and down any column in A as reflecting what he termed the
economic phenomena of substitution effects and fabrication effects, respectively. The
former refers to the emergence of substitutes as production inputs; that is, the substitu-
tion of one input for another — for example, the use {throughout industrial processes)
of plastic products in place of metal ones. The implication is that all ajj in the plastics
row () would increase (for example, be multiplied by 1.4} and all ag; in the metals
row (k) would decrease (for example, be multiplied by (1.82). The term fabrication
effect refers to the aitered proporiion of value-added items in a sector’s total purchases.
For example, over time, the product of a particular sector may come to depend more
on high-technology capital equipment andfor skilled labor, Thus, a dollar’s worth of
the product embodies proportionately less of interindustrial inputs and proportionately
more of value-added inputs, and the gy in the column representing the industry in
question would decrease (for example, be multiplied by 0.79).

To the extent that technological change in the style of production may be reflected
in such substitution and fabrication effects, the RAS procedure has a logical economic
basis. However, many researchers discount this oversimplified view of the way in which
such change is distributed throughout an economy. Instead. they view RAS as a purely
mathematical procedure. It can be shown that the RAS technique in fact emerges as the
solution to a constrained optimization problem in which, subject to the row and column
margins given in w(l}) and v{1), we want to generate a new coefficient matrix, A(1),
that “differs” as little as possible from our previous observation, A(0). The underlying
logic is simply that, in the absence of any new information, we would assume that A(0)
is still the best representation of interindustrial relationships. However, given some
updated information —inx(1), ui1}, and v{ 1} —a modified matriz. A1), will usually be
called for.

Two properties of the RAS procedure bear noting. Signs are preserved in the sense that
no a(0) = Owill ever be changed to a negative-valued coefficient. As the fundamental
definitions of r and & make clear. all the r; and 5; modifiers of A(0) are non-negative.
Thus. no matter how much a particular a;{0) is modified. it will remain non-negative.
Secondly, any a;{0) that equals zero will remain zero throughout the RAS procedure,
since all that happens to it is that it is multiplied by non-negative numbers. Suppose that
sector i represents potatoes and sector j is automobiles: if ag{0) = (), this represents
the (believable) fact that potatoes were not purchased as direct inputs to automobile
manufacturing in year 0. The RAS technique assures us that in the updated matrix ag(1)
will still be zero. This feature is a mixed blessing. In some cases, such as potatoes and
automobiles, it is probably good that a zero-valued coefficient is preserved; potatoes
were not used as a direct input to automobiles in yvear 0 and most probably not in
year 1, either. On the other hand, if sector k is plastics and sector § is automobiles,
it may be (if year 0 was long enough ago) that ag (07 =0, but we know that for our
more recent year 1. ag(1) # (. Nevertheless, the RAS procedure by itself will predict
agi(1)=10.
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7.4.5 Incorporating Additional Exogenous Information in an BAS Calculation

The RAS technique, as discussed above, assumes only target-year information on x, n
and v, Often one may have particular information about specific transactions or specific
coefficients. [T a particular z;( 1 11s exogenously known, then since x;( 1) is also known,
so 15 agi 1), Such information may come from a survey of an “importani™ industry
in the economy, from an independent forecast of a particular sector’s sales to one or
more sectors, from expert opinions about production practices in a particular sector,
and soomn.

Suppose ihai a pariicuiar zj;{i} 15 known, Then one can subiract zyiij from both
mp{ 1) and vy( 1): this is equivalent to inserting a zero in the £, jth cell of Z(0) and hence
of A0, Continuing with our general 3 = 3 example, suppose a0 1) 1s known. Since
x10 1) is also known, a@3001) 15 known as well.

Define A {0} to be the same as A (0 except that @31 () has been replaced with a zero.
Define a 3 x 3 matrix K as

0 a0

K= 0 o o0

any(ly 0 0
This is just the null matrix with k3; replaced by the known target-year coefficient,
aspil). Then A(0) = A0 + K. Denote by o 1) and ¥{1) the vectors that remain after
z310 1) is subtracted from w3l 1) and v (1} These become the relevant new margins, and
the RAS procedure is utilized. as usual, but with A(D) as the base-year matrix, 1o be
modified according to the (altered) row and column sum information for the target year,

a1 yand ¥(1). The RAS technigue will leave the new zero element, a3y (0), unchanged.
When the approximating technique is completed we construct our estimate of A{1) as!”

A(ll = K+ rA(E (7.36)

Clearly, in an economy represented by a larger number of sectors, we may have
estimates of several Z;(1) and hence of several of the target-vear coefficients, ag(1).
In fact, if there is a "key™ sector that is known to play a particularly important role in
the economy. an entire column (intermediate inputs to the key sector) and/or an entire
row (intermediate sales by the key sector) may be known or somehow independently
determined. And indeed there may be more than one key sector In all of these cases,
there is no difference in the approach cutlined. OFf course, the matrix K will contain
more nonzero (known) elements, the matrix A{0) will contain more zeros, and the
adjustments to u( 1) and v(1) — to generate G( 1 ) and ¥{1) — will be more extensive.'”

12 We use the 317 subscripl to indicate which element was replaced by its true value, This does not generalize
casily to cases in which more than one clement is repluced by exogenous information, but it scrves adequately
for present purposes.

15 gee section 7.4.2, below. on the role of zeros in creating infeasible problems — where RAS Fails to generute a
solution.
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4.6 Modified Example: One Coefficient Known in Advance
Here is an illustration. Suppose az; is known in advance for the example in section
T4 2 from (7300, gz(1) =0.209, and therefore

0 00
K= 0 0 0
209 0 0

and so

200 1000 049
A0y = 210 247 265
0 249 145

This is A{0) in {7.25) with a3;(1) replaced by 0.

To employ the RAS procedure on A0} we find a1y and ¥{1}. The (known)
imerindustry flow in the target year. from sector 3 to sector L, is g3(l) =
a3 Dxg (1= (0.200){421) = 87.989; this therefore must be netted out of both
wa(l) and vi(l). leading o nil) = [245 136 _-"l-ﬂ'll]J and w{l} =
[Iﬁlﬂ] 1 17 ISE]r_ Following (7.36) we find

i 2009 1892 2431
Al = | 0963 0884 2486 (7.37)
2080 0992 1514

Recall, from (7.30), that

2328 2535 2650
Ail)y=|.1344 0282 2226
2090 0951 (1555

and the error matnx for this estimate, E(A) = :Sul a1 — Al s

—.0381 —0643 —0219
E(A) = | {381 0602 260
0 A —0041

In this case, the reader can easily find that MAD = (1/9)(0.2968) = 0.0330 and MAPE
= 36.5; in the oniginal example, without any prior information on coefficient values, we
found MAD = 0.0954 and MAPE = 63.8. By these measures, then. the RAS estimate
in (7.37). which includes exogenous information on a3y{1) in the target year, is more
accurate than was A(1) in (7.30).

[t turns out, however, that assessment of the performance of modified RAS estimates
depends very much on the measure used to measure the differences between matrices,
specifically A{1) — A(l) (no exogenous information) and A(1); — Afl) [substitution
of the true a;( 1 }]. Table 74 illustraies this sensitivity for the numerical example begun
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Table 7.4 MAD and MAPE when One
Coefficient is Known in Advance in
an RAS Estimate

Element known

in advance MAD (= 1) MAPE
None .55 VRN
) 5.52 ilo
aya T7.23 0.6
dyg 8.53 621
1) 040 630
frie] 8580 456
3y 045 648
a1 3.30 36.5
@17 w17 9.4
ail 748 477

in section 7.4.2 and continued above. This table presents the MAD (muluplied by 100
for easter reading) and MAPE measures associated with each of the A{1)y; matrices
generaled using prior information on a single ay( 1) cell in A{1). In this small example,
there is improvement (over the no-prior-information casep as measured by MAD, but
using the MAPE measure we find that correct prior information on aszz (in bold type)
makes the overall estimate worse. (This sensitivity to alternative “metrics” for com-
paring closeness of matrices is discussed, with numerical examples, in de Mesnard and
Miller, 2(06.)

This result {worse results with better information) has been discussed before in the
literature. although the importance of the measure of distance between matrices was
not emphasized. In an early example that was frequently cited, Miernyk (1977} pre-
sented this counterintuitive result. using “mean percentage difference™ as the measure
of distance hetween the predicted and true target-year matrix. The idea was later taken
up by Miller and Blair ( 1985} in the first edition of this text. where a further example
appeared to illustrate the same point. In fact, both of these resulis have been shown to
be flawed — there were errors with the RAS procedures (improper compulter programs.
stopping criteria that were too loose. etc.).'" Monetheless, later experiments with data
sets that are much larger and more reflective of real-world applications have identified
examples in which additional (correct) information generates poorer RAS estimates.
under several fairly common distance measures, {Examples can be found in Szyrmer.
1989, and Lahr, 200:1.) Nonetheless. the overwhelming majority of the evidence
suggests the contrary. As 2 general rule, introduction of accurate exogenous informa-
tion in RAS improves the resulting esimates. This is what hybrid models are designed
to dio.

I These are tken ap in detail in de Mesnord and Miller (2000,
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7.4.7  Hybrid Models: RAS with Additional Information

In the decades since FAS was first proposed. there have been many applications at
both national and regional levels. These have led to numercus variations, modifica-
tiens. and extensions of the technigue. An examination of the tables of contents or
annual indexes of many journals in the field — especially Economic Svstems Research
and Jewrnal of Regional Science — will reveal a large number of articles with “RAS,”
“partial-survey methods,” “nensurvey methods,” “biproportional methods™ or “hybrid
models” in the title. Among the modifications are methods labeled “TRAS" (identi-
fied by its originators as a “three-stage RAS” or as a “two-stage RAS algorithm™; see
Gilchrist and St. Louis, 1999, p. 186 and Gilchrist and St Lowis, 2004, p. 150, respec-
tively), “"GRAS” (for “generalized” RAS, for matrices that include negative numbers;
see Junius and Oosterhaven, 2003} or “ERAS” (for “extended™ RAS; see Israilevich,
[9RG)

Indeed. the preponderance of tables that are curmrently (beginning of the twenty-
first century} being produced employ the “hybrid”™ notion of combining some kind ol
balancing of tables (usually using RAS or a variant) after “superior” information has
been introduced, in the style of the example in sections 7.4.4 and 7 4.5, Forexample, the
Bureau of Economic Analysis atthe US Department of Commerce uses an adjusted RAS
procedure to generzte annual input—output tables for non-benchmark-table years in the
UsA In Europe, Eurostat 1s the agency that oversees collection and compilation of
input—output data for the European Union member countries. Tables for non-benchmark
years are produced using the Eurostat method, a modified and expanded RAS approach.
(See Eurostat, 2002, esp. Chapter [4.)

A major trick in these kinds of applications is establishing which sectors (columns,
rows or even individual cellsyare most “important” to the economy, since these are the
elements for which superior information would be preferred. In Chapter |2 we examine
some of the approaches Lo identifying "important” sectors inan economy on the basis of
their inpul-output data. As noted. this kind of exploration also identifies important { sets
of | coefficients for which one would ideally like to have superior data to combine with
RAS ar some similar procedure for the remaining cells. There 1s an immense lilerature
on this subject, and we will explore some of it in Chapter 12, Some of the approaches
are essentially mathematical in nature — for example, those that are concerned with
the influence of errors in one or more elements in a matrix on the resulting elements
in the associaled inverse matrix — and others are more economic In nature. in which
attempts are made o identify important, or “key,” sectors in an economy. In actuality
this distinction tends to blur, since influential elements often belong to what turn out to
be important sectors.

1T This is described in Planting and Guo, 7004, The authors speak of “__. Jthe] new aitomated updating and
balancing method ... {p. 157}
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74.8  The Constrained Optimization Context
The notion of the “difference™ between two matrices is a subtle one; there are many
alternative measures, The RAS procedure can be shown to minimize

oz s . Er,-;fl] I
D[mm.mm_?gluumln [m}

subject to the CDPSTIBiIl[!-i on row and column sums given by uil) = [{.-;L}t DxiL)]i
and v(1} = P'[(A)(1)%(1)]. (This is explored in Appendix 7.2 to this chapter.) The
objective function, DIA(D) : A1)}, has an interpretation as the “mformation” measure
of distance between A (0) and A{1). In a sense. it generates the A(1) which, given A{l)
and the information inx(1}, u(1}. and v{1}, generates the least “surprise.”

Many other potentially attractive measures have been proposed to represent the
difference (or distance) between the estimated matrix and the base-year matrix. These
become an objective function in an associated constrained optimization problem. The
constraints continue to be the row and column margins, as in RAS. However, E'r.-_,- =0
for all { and | must be added as an additional #” constraints because, unlike the RAS
procedure, non-negativity of the solutions to these programming problems cannot be
assured. Sometimes, also, bounds have been set on the sizes of relative change allowed
for the elements. For example, (0.5)a(D) = Er,-_,-t 1) = (1.5)au(0) would assure that
each original coefficient did not increase or decrease by more than 50 percent.

Some of the objectives that have been proposed in this input—output updating context
are:'”

* Total absolute deviation: 5~ 5~ |a,-;-[[]j - .Eq:_,:{l ]|. Divided by n?, this is known as
75

the mean absolute deviation (MAD). This and the following two objectives can be
converted to a linear form, thus creating a linear program which is easily solved.
(Jackson and Murray, 2004.)
Weighted absolute deviation: 3~ 3 ay(0) |a,;.-t[]:| — i1 ]|. (Lahr, 20001.)

L

Relative deviation: ¥ ¥ lﬂ"iﬁ;%ﬂ i Matuszewski, Pits and Sawyer, 1961,) Mul-
R if
tiplied by 100 and divided by 7. this is known as the mean absolute percentage error
{MAFE).
Squared (or quadratic) deviation: ¥ ¥ [ag(0) — aii 1117, (Almon, 1968.) This and
i J
the next two ohjectives require solution of a nonlinear program, which may be
problematic.
Weighted squared deviation: ¥ 3 a(0)[ay(0) — a(1). [Canning and Wang,
P
2005, use a weighted quadratic penalty function in a program designed 1o estimate
the rU’ and zFcomponents of a multiregional input—output model (Chapter 3).]

I8 Constraints always include non-negutivity of the ayi ). along with the row and column margins, namely
?&jj;l Ly = 1y aru:l;a,}[l Lj = v, respectively,
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e
* Relative squared deviation: 35 %’ﬁlﬁ. (Friedlander, 1%61.) This is Pear-
o

son’s Chi-square measure, used early by Deming and Stephan (1 9:41),

fJ
a1}, (Junius and Oosterhaven, 2003.)!¢

The nonlinear alternatives reguire solution of possibly large and complex nonlin-
ear programs, with their attendant difficnlties, including computational issues (despite
powerful computer programs and software), local rather than global optima. etc.
Early overviews of some of these allernative minimization objectives can be found in
Lecomber (Allen and Gossling, 1975, Ch. 1) and Hewings and Janson ( 1950, Appendix).
Many recent proposals and extensive discussions are contained in Lahr and de Mesnard
(20014, de Mesnard (2004) and Jackson and Murray (2004). In particular. Jackson and
Murray present extensive results for applications of a total of 10 mode] formulations
{including those listed nbove) to the problem of estimating the 1972 23-sector US
industry-by-industry data from a 1967 matrix and 1972 margins. They found that,
generally. RAS produced the best results. Canning and Wang (2005) contains a dis-
cussion of the advantages of a mathematical programming approach to constrained
matrix-balancing problems and reviews some of the important contributions in the
literature,

749  Infeasible Problems

In general, the RAS procedure converges to within acceptable tolerance in a reasonable
number of iterations — often less than 50. However, examples of nonconvergence have
appeared 1o the literature. The vsual explanation is that the matrix being adjusted 15 oo
sparse — contains oo many zeros, A very disaggregated transactions matrix (hundreds
of sectors) or interregional trade-Aow matnces would have more zeros than. say, a
highly aggregated national table.” Intitively. the problem with zeros is that the entire
burden of change is forced onto the remaining, nonzero elements. and they may be
inadequate to the task {depending in large part on the locations of the zeros relative to
the nonzeros).

Here is a very simple illustration of the issua:®! Let

. _|* 0O _|my _ |7
Zlﬂj_[4 3i|_u{ll_|:2i|,.mdvrl!_|:5i|

1% In this case. the constraints are non-megativity of the vy und margin construints of 57 yjpay 0y = up und
]

¥ w0y = vy, Linearization is possible, as in the first three cases.

0 For example. nonconvergence ocourred while working with inter-state trade tables in deveboping the US 1967
multiregionnl model (see Mihr. Crown and Polenske. 1957),
2! From de Mesnurd (2003),
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The difficulty with the problem is clear when we look at the required new margins in
relation to the structure that (1) must have, namely

il 0 10
il {1} [ 2
L 51

To satisfy wy(1) = 10, it is clear that 711(1) = 10, since 312(1) = 0 because zeros
are perpetuated in RAS. Clearly, if w)(1}) = 10 then Z3;(1) would need to be —3 in

order to satisfy vi{1} = 7, but this is impossible since RAS does nol generate negative
elements from those that are positive. One straightforward way out of the problem 1s to
assign a small positive number to zero-valued cells in the base matrix.™ In this small
illustration, changing 712{0}} from zero to. say, 1.5, introduces exactly the fexibility
that is needed, and as a consequence RAS will produce (rounded)™

71  [6:5911 3.4089
"= 104000 15901

An argument made in defense of this approach is that the original zero-valued ele-
ments could be the result of rounding; that is, these elements were actually very small
flows that fell below the “reduce to zero™ threshold in recording the data. On the other
hand, some zeros represent true technological facts — as above in the illustration of
a zero flow from potatoes to automobiles, which should be maintained in the target
matrix. Moreover, in a large problem it may not be necessary to change all zeros into
small positives, and then the issue is to decide which zeros should be altered. One
approach uses a linear programming problem to select subsets of elements for aug-
mentation (from zero to positive numbers): see Mohr, Crown and Polenske, 957 fora
discussion and illustration of this approach.

7.5 Summary

In this chapter we have examined approaches o estimaling tables of input—output coef-
ficients when a full matrix of interindostry transactions is not available. No nonsurvey
or partial-survey technique can be expected to generate a table that is a perfect copy of
what could be obtained if a complete survey were undertaken. On the other hand, errors
and compromises of many sorts enter into the production of even the best survey-based
table, so it can be argued that even a survey-based table is not a completely accu-
rate snapshot of an economy, The updating problem has given rise (o a number of
approaches, usually including an RAS adjustment at some point, often combined with
either survey data or expert opinion on certain key elements — sometimes individual
coefficients, sometimes entire rows or columns. This hybrid strategy is an attempt to
capture the best of several approaches — selective survey information. expert opinion.
and the attractive mathematical features of the RAS technigue.

I wpparently this was first done by Hewings, |96, in his dissertation, (Cited in de Mesnard, 2003

25 A fter nine ilerations. using (o1} — h'f: < 0.0 and jrly — '.'fl = (L0010 for all ¢ as the stopping criterion.
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Appendix 7.1 RAS as a Solution to the Constrained Minimum Information
Distance Problem

The problem is to choose the elements of A(1) so as to minimize the information
measure of distance between A{0) and A(1), namely

r non . i‘f.i_,i{]fl
DIA(D) : Al ] = EEHUHHH |:£?.i_.‘i0]:| (AT.1.1)
subject to
M
S agihgih =wih) (i =1.....m) (A7.1.2)
i=l1
M
Zfﬁ,-_,-ql).g,-(l} =wil)ifj=1,.., ) (A7.1.3)
i=1

Matice that the expression in (A7.1.1) is only defined for a;{0) = 0. The associated
Lagrangian expression is

n n ~
- (1)
L= E E ag(1)In [m}

i=1 j=I
" n n M
=N kY aghm ) —u(h | = 3wy |:Zf}|j[|}-fj[|} - a-;m}
i=1 i=1 i=1 i=1
(A7.1.4)

and the appropriate first-partial derivatives are
AL fddagil) = 1+ Ind (1) — lna (00 — K1) — (1) (A7.1.3)
Setting aL/Aa (1) = 0 yields
Inag(l) = Imag(0h — 1+ Ao (1) 4 pjag1)
and, taking antilogarithms,
(1) = m‘jiﬂ}e" L+l pg
Or, rearranging,
ag(1)y = el =12 g, (yeleymth—1/21 (AT.1.6)
Let
rp = el*® =142 (AT.1.7)
which is a function of 4; only (that is, a row constraint), and let

5= E||’t‘|.1]'l|.'l—]_."3| i.'%? 1.8
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which is a function of ¢f; only (that is. a column constraint). Then the right-hand side
of (A7.1.6) can be shown as

agl 1} = reg (D)5 {AT.1.9)

The mew coefficient, Er,-‘.-li 1. is derived as the old coefficient. ay(0). modified by a
row-constraint term, 1y, and a column-constraint term, ;.

The constraints of the problem, (A7. 1.2y and (A7.1 .3}, are reproduced in the remain-
ing first-order conditions, as usual, when we set dl/3h; = 0 {(i=1....;n) and
dlfdpy=01(=1..., iy Inseriing (A7, 1.%) into these iwo constrainis gives

n
=il Zﬂﬁ(ﬂ]_\}(‘.‘f 1)
=1
and
n
vi(l}/ Z rpagp g1}
i=l

.i-lf

The values of r; and 5; are found through iterative solution of these two equations. This
is what the RAS procedure accomplishes. {See Macgill. 1977 or Bacharach, 1970 for
details. )

The matnx equivalent of (A7.1.9)1s

All) = FA(DE (AT.1.10)
a% in (7.35) in the text, where
0 -+ 0 g 0 - 0
0 r { i 0 5 0
= and & =
0 I i) Sn

Examining second-partial derivatives. we find
LB (1) = 1fag(1) (AT.1.11)

This is strictly positive for all &;(1) = 0. From [A7.1.9), this means forall ag(0) = 0.
since vy > Oands; = 0 [(AT.1.7) and (A7.1.8)]. Thus the RAS solulion minimizes
DA : ALY in (AT L L

P'roblems

7.1 Consider the following US inpui—output tables for 1997°°, 2003, and 2005 (in
$ millons).
Produce industry-by-industry transactions tables wsing the sssumption of mdustry-
hused technulogy for these three years. Suppose historics] price indices for these tables

22 The whles for 1997 differ from those provided in Appendix 8 in that they reflect daty nssembled “hefore
redefinitions,” as discessed in Chapter 4,
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Prohlems 341

are given in the following table (price indices in percent relative (o some arbitrary
earlier yearj:

1997 2003 2005

Agriculiure oo 1135 1227
Mining 966 1313 201

Construction 181.6 1889 2099
Manulactuirng 1337 1508 1569
Trade, Transport & Utilities 2004 2057  217.1
Services 1293 1516 2198
Other 140 1447 1614

Produce a set of constant price input-output lables for the same years using 2003 as
the buse year for prices,

7.2 For the constant price tables constructed in problem 7.1, suppose we measure year-lo-
year change as the average of the absolute value of differences between the column
sums ol A for the same industry sectors in bwo different vears. Which three sectors
exhibited the most change from 1997 to 20037 How does that compare with the three
most changed sectors measured in nominal dollars ratker than constant dollars”? Why
are they differem?

7.3 Using the current price tables constructed in problem 7.1, compute the marginal input
coefficients between the vears 1997 and 2005.

7.4 Consider the following interindustry transactions and tolal outputs two-sector inpul-
output economy for the year 2000

2000 a4 & Total Output
A 1 2 10
B io4 10
VA 4

Suppose estimates are generated for the vear 2010 for the vectors of total final demand,
total value-added, and total output in the following table.

2000 Final Demand  Value Added  Total Owput

A 12 1o 23
B i 8 20
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Using the 2000 table as a buse and using the 2010 projections for final demand., value-
added and total output, compute an estimate of the 2010 technical coefficients table
using the RAS technigue.

1.5 Using the 1997 input—output table expressed in 1997 dollars constructed in problem /.|

and the vectors of intermediate inpuls, intermediate outputs, and total oulputs from the
corresponding inpul-outpul table for 2005, compute an RAS estimate of the 2003 table
using the 1997 Lable as a base. Compute the mean absolute percentage error (MAPE)
of the RAS-estimated table for 2003 compared with the “real” 2003 table,

s 55 25 7
7.6 Suppose we have a baseline transactions matrix defined as Z()y = | 50 75 45 J ;
25 10 10
265
We are provided with estimates of intermediate inputs and outputs, ¥(l)= | 225
325
325
anduil)= | 235 |.respectively.
255

a. Compute an estimate of the transactions table for the next year, Z°(1) using £(0),
vil)and u{l), using the RAS echnique.

750
b, Suppose we know the vector of total outputs, x(1) = 500 |, corresponding
1 (00
LR
1)), and we also have an estimate of wtal outputs for next year, x(1) = 750
1500

Compute A(0) and use it along with v(0) and u(0) to generate an estimate of the tech-
nical coefficients matrix for next vear A4 1). Finally, compute A*( 1) = 27 hix(D) ",
Is A% 1 =A< 1)? Why or why not?

1.7 For the economy in problem 7.6, suppose we scquire a survey-based table of techni-

2 Ao 033
cal coefficients next year of Ail)= | 035 167 .05 |. Al the beginning ol the
03033 133

survey we know only w1} =033 and we use that along with A((), v(0), and u(0)
lo generate an intermediate estimate of the entire matrix of coefficients, A*(1), I we
measure difference between two matrices as MAPE, which estimate of A{1) is beter
—A{1) or A%(1)? Suppose early in the survey period we determine a( 1)), = .2 instead
of knowing a(1)32. Which estimate of A{1) is better — A1) or A*(1)7 How does this
case differ from the case where ai 1132 15 known?

100 55 25

7.8 Consider the transactions matrix Z((0) = |: 0 75 25 :| and projected vectors of

25 10 110
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References 343
125 L0

intermediate inputs and outputs, vily = | 140 | andudly= | 100 |, respectively.
166 145

Compute the RAS estimate, Z(1), Suppose we learn that v, (0) = 100 instead of 125,
Is it possible 1o compute (1) via the RAS technique? Why or why not?

7.9 Forthe US input-output tables for 1997 and 2003 {from problem 7.1, expressed in cur-
rent year dollars rather than constant year dollars), compute the RAS estimate A(2003)
using A( 19971, ¥(2003), and w2003}, Compute the MAPE for A{2003) compared with
A(2003). How does that error compare with the MAPE for Li200%) = [1— A 20051
when compared with Li2003)?
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