Input-Output Analysis : Foundations and Extensions

1 of 60

13 Structural Decomposition,
Mixed and Dynamic Models

131 Structural Decomposition Analysis

When there are two or more sets of input—output data for an economy, analysts are
often interested in trying to disaggregate the total amount of change in some aspect
of that economy into contributions made by its various components. For example, the
total change in gross outputs between two periods could be broken down into that
part associated with changes in technology (as reflected. initially. in the changes in the
Leontief inverse for the economy over the period) and that part related to changes in
final demand over the period.

At the next level, the total change in the Leontief inverse matnix could be disaggre-
gated into a part that 15 associated with changes in technology within each sector {as
reflected in changes in the direct input coefficients matrix ) and that part associated with
changes in product mix within each sector. Similarly, the change in final demand could
be further disaggregated into a part that reflects changes in the overall level of final
demand and a part that captures changes in the compesition of final demand. And there
are numerous additional options — for example, there is no need to use only two con-
tributing factors: changes in employment. value added, energy use. etc. may be of more
economic interest than changes in gross outputs; and so on. For a general overview of
this literature, see Rose and Casler (1996} or Dietzenbacher and Los { 1997, 1995). Two
early empirical examples of this kind of work can be found in Feldman, McClain and
Palmer { 1987) for the USA and Skolka (1989) for Austria.'

13.0.1  Initial Decompositions: Changes in Gross Outpiis

To get a general idea of the structural decomposition analysis (SDA} approach, we

initially explore gross output changes. Assume that there are two time periods for

which input—output data are available. Using superscripts 0 and 1 for the two different

years (0 earlier than 1), our illestration of structural decomposition in an input—output

| Schumann { 1994), expanding on Schumann { {95901, arzues for the superiority of semi-closed models §for exum-
ple. to houschold consumption) in genernl but also claims that structural decomposition anulyses with such

models lead to inferior resulis because they isolale sources of structural change thut are less clear cut und more
complex.
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maodel focuses on the differences in the gross output vectors for those two years. As
usual, gross outputs in year ,x'(+ = 0, 1), are found in an input—output system as

x! = L'f! and x" = L"f" (13.1)

where f' = the vector of final demands in year £, and L' = (I—A’)!. Then the observed
change in gross outputs over the period is

Ax=x' —x? =L — 107 (13.2)

The task is to decompose the total change in outputs into changes in the various com-
ponents — in (13.2) that would (at least initially) mean separation into changes in
LaL=L'— L") and changes in £ iAf =F" — £“),7 In order to remove the influence
of price changes, we assume that all data are expressed in prices for a common year.

A number of alternative expansions and rearrangements of the terms i {13.2) can
be derived. For example, using only year-1 values for L and only year-0 values for
f — replacing L? with (L' — AL) and £! with {£? + AF) in {13.2) — we have

Ax =LYUY + AF) — (L — ALY = (ALM? 5L (AF) (13.3)

This simple algebra produces a straightforward decomposition of the total change in
gross outpats into (1) a part that is attributable to changes in technology, AL. in this
case weighted by year-0 final demands (f"). and {2) a part that reflects final-demand
changes. Af, which are here weighted by year-1 technology (L.

Motice that exch term on the right-hand side of { [3.5) has a certain amount of intuitive
appeal — for example. (ALMY = L'¢" — L% The first term guantifies the output that
would be needed to satisfy old {vear-0) demand with new (year-1} technology: the
second term is, of course, the output needed to satisfy old demand with old technology.
So the difference is one reasonable measure of the effect of technology change. And
LYy Af)in (13.3) has a similar kind of interpretation.

Alternatively, using only year-( values for L and only yemr-1 values for £, which
means replacing L! with l\L"'I + AL) and £ with (F' — AF), {13.71 becomes

Ax = (LY + ALY — L% — AR = (AL + LY AL (13.4)

In this case, the technology change contribution is weighted by vear-1 final demands
and the final-demand change contribution is weighted by year-0} technology.

These alternatives, in {13.3) and (13.4). are equally valid in the sense that both are
“mathematically correct,” given (1 3.2 ) and the definitions AL =L' —L" and Af =1! -
Y. Yet clearly the measures in (13.3) of the individual contributions from changed
technology and from changed final demands will be different from those in (13.4),
except in the totally uninteresting and implausible case where L' = LY and/or ! = £ -

2 Insection 7.2, | we explored some of the mos! frequently used approaches to wssessing overall structurul change.
One frequently used measure was o compare x! = LYY with LY | the oatpot that 1T would have genersted
with LY technology.
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nochange in technology or no change in demand (or no change in either) over the period.
The resultsin{ [ 2.3) and ( 13.4}can be derived from ( 13.2) in another way. For example,
adding and subtracting L't%to(13.2), and rearranging. gives (1 3.3}, Similarly, adding
and subtracting Lot {outputs needed if year-1 demands were satisfied using year-(
technology) to (13.2) gives (13.4), after rearrangement,

And there is more. Other expressions emerge if only year-0or only year-1 values are
used for weights on both change terms. If we use year-) weights exclusively, so that
L! and £! are replaced by (L" + AL} and (£ + Af), then (13.2) becomes

Ax = (L2 + ALY + AD — L% = (ALJ" + LO(AR) + (AL AR (13.9)

In this case, both technology and final-demand changes are weighted by year-0 values,
but an additional (“interaction”) term — (AL){AF) — has appeared. Unlike the first
two terms in (13.5), this new interaction term does not have an intuitively appealing
interpretation.”

Finally, using only vear-1 weights means putiing L = (L' = AL and £ = (£' — Ar)
imo{ 13.2), which becomes

Ax=LY — @' — ALy — Af) = (AL} +LY(AR) — (AL)(AF)  (13.6)

again with the same interaction term, only this time it is subtracted rather than sdded.”

Various researchers have worked with one or more of these four alternatives. For
example. Skolka (1939 presented the first three deunmpmil.inns:':' Rose and Chen
(1991) work only with the expression in equation {13.5), although ultimately in an
expanded form. Vaccara and Simon { 1968) used the factorizations in{ 13.3) and (13.4),
then averapged the two measures of final-demand change and the two measures of
coefficient change. This is also the approach of Feldman, MeClain and Palmer { 1987),
Miller and Shao (1994} and others. Dietzenbacher and Los (1998} examine a wide
variety of possible decompositions and conclude that using an average of results from
{133y and {13.4) is often an acceptable approach.”

We can view this as follows. Adding {13 3) and (13.4) gives

2Ax = (ALM" + LY AD + (ALY + L% AR

and so
Ax = (1/2) (AL + 8" +i1/2) P+ LYyan (137)
bl O Sl
Technology change Final-demund change

1 Derivation of this resubl by ndding and subtracting like terms in i 13 21 is possible but more complicated. Tn fact,
il requires that L'FY, LOFY und LYY ull be both added and subtracted and then {considerably ) rearranged.

4 This result can be derived by adding snd subtracting LUEY, LYY and LYY in (022 and (aguin extensive
algebruic rearrangement,

5 Hn:]]_.lsn classifies much of the pre-1989 work in this area according to which version of the decomposition was

us

Mot everyone would sgree. Fromm (| 904 ) discusses the index number issues that are involved in finding averages

of measures with weizhts from diffesent vears. In termsof (1.3}, the (ALY term is a kind of Laspeyres index

{original year weighs, in £*) and the L' AF} term is 2 kind of Paasche index (tcrminal year weighis in L'; in

{13.4) the Laspeyres and Paasche terms are reversed, He suggests that wveraging the two — (13,7 and (1341 -

givesu ... basturd measure of beginning- and end-point quantitics and prices™ (p. 65)

-

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.
Cambridge, , GBR: Cambridge University Press, 2009. p 595.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=629

Copyright © 2009. Cambridge University Press. All rights reserved.
May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable
copyright law.

http://site.ebrary.convlib/mitlibraries/docPrint.action?encrypted=411701...

04/01/2011 15:18



Input-Output Analysis : Foundations and Extensions

4 of 60

el Structural Decomposition, Mixed and Dyvnamic Models

[The average in (1 1.7} is the same as the average of the resulls in {135} and (13.6). as
the reader can easily show.]”

Numerical Example Here 15 a small numerical illustration of these decom-
pesitions. Let

10 20 25 43 12 15 35 S
=115 5 30|, M=|30], Z'=|24 11 30|. =35
AN 5 75 15 50 ® 5
130 40 5| | |36 50 8| 261

From x” = 2% + % and x' = 2'i + £, L" and L are easily found. as are

0649 —0041 0320 ] IE—‘
AL =1 .1447 0607 0116, Af=|5] and Ax= )20
448 0342 0586 ZLFJ

The alternative decompositions of Ax, for this example. are shown in Table [3.1.7

It should be noted =t the outset that input-output structural decomposition studies
generate, by definition. results at the sectoral level. For an n-sector model. each ele-
ment in the n-element vector of changes — Ax in the case of gross outputs — will be

decomposed into two or more constituent elements. This means that there is an inherent
problem in finding appropriate summary measures of results in these studies. One obvi-
ous solution is to use tolal (economy-wide) figures — in the case of the decompesition
in (13.7). this would be”

Plax) = ITU/2ALME + 1+ V2L + LYian)

Economy-wide technobogy change offect  Economy-wide final-demand change cffect

Alternatives include grouping sectors into categories and then finding averages (sim-
ple or weighted) over the smaller numbers of elements in these groupings. For example:
“fastest growing sectors” (say the top x percent). “slowest growing (Tastest declining)
sectors” (the hottom x percent) and other sectors [the middle {100 — 2x) percent]. or
primary {natural resource related). secondary {manufacturing and processing} and ter-
tiary (support and service oriented) sectors. As will be clear from this small example
and from the empirical studies examined in section [2.2.5, any such economy-wide or

7 There is some not very itliminating discussion in the literature about terms in (13.3) o7 (13 4} “absorbing” the
internclion term. Starting with a rearranged (13 3], ALY 4 (ALNAD] + LW AR = (aLif! 4+ LY AL,
which is 11743 and so (AL incorporates the inferaction term [ +{ ALWAT)]. Equally plansible, however, is
viewing {13.5) ns |5L]f""+ |1.“[de +iALpAL ] = n:ALrIL' + LY ARy whichis (15 20, and now itis LY AF)
that has absorbed |-+ AL W AT, Similer rearmngements of {1300 will show that (AL in (13 3 or LY AT in
{124} coubd be viewed as absorbing | —( AL M AF)]. Mathematically, the resultin (13.7) allocates ope-half of the
interaction term b technicel change and one-half to firal-demand change. See ulso Casler {2001} for thoughts
on the interaction temm.

% The render con ensily identify the virious “ahsorptions™ in the previous footnole in terms of the results in this

tzhle.
“ Dividing both sides by m would generse one kind of “averaze” fizure.
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13.1 Structural Decomposition A nalysis

Table 13.1 Alternative Structural Decompositions

Technology Final-Demand
Change Chunge Interaction
Contribution Contribution Term
[Mo.o0] F1107] I
Equation (13,3} 8562 L3R 4]
L o.01 | | 10.99 | 0
Mo.787] [11.22] I
Fquation { 13.4) .66 10.34 ]
L 9.96 | | 1004 | 0
[M0.90] [11.227] —0.12
Equation {13 5} 862 1034 +| 14
| 901 | 10.04 | 0.95
[0.787] 11107 —0.a72
Equation { | 5.0} .6y 11.38 —| L
| 4.96 | 1099 | 045
0.4 M6 i
Fquation {13.7) .14 1086 0
| 940 | | 1051 | 0

Table 13.2 Sector-Specific and Economy-Wide Decomposition Results

|Equation (1 3.7)]

Oulput Technology Change Final-Demand

Change Contribulion Chainge Contribution
Sector | 12 0E4 (T 11 E6(93)
Bector 2 0 914 (40 10,848 (54)
Sector 3 mn 940 (47) 1051 (53)
Economy-wide Tolal 52 1947 (37) 32.53(63)

averaging figures sweep an enormous amount of detail (and, usually. varation) under

the rug.

597

Table 13.2 emphasizes the results from (13.7). Figures in parentheses indicate per-
centages of the total cutput change in each row. (Since these are hypothetical figures
for illustration only, there is no need 1o be compulsive about detail in the percentages.

We use no places to the right of the decimal.)

Of the economy-wide total output change in this example, 37 percent is seen to
be attributable to technological change and 63 percent results from chinges in final
demand. But variation across sectors is large. The technology change contribution to
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individual sector output growth varies from 7 to 47 percent and (therefore) the final
demand contribution varies from 53 to 93 percenL

13.1.2  Next-Level Decompositions: Digging Deeper inte AF and AL

Of course the story need not and does not end with the decompositions in ([3.3)-
(13.7). Changes in final demands, for example, may be the result of a change in the
overall level of final demand or of a change in the relative proportions of expenditure
on the vanowus goods and services in the final-demand vector {the fnal-demand mix),

soo

Or, indeed, final-demand data may be collected and presented in several vectors, one
for each final-demand categery, such as honsehold consumption, exports, government
spending (federal. state, and local), and so on, and the relative impertance of these
categories may change.

Similarly, changes in the Leontief inverse result from changes in the economy’s A
matrix — which. in turn, may reflect various aspects of technology change. such as
changes in production recipes (replacing metals with plastics in automobiles), substi-
tutions caused by relative price changes (for domestically produced inputs and also for
imports ). reductions in & sector’s materials inputs per unit of output brought about by
economies of scale, and so on — as noted in section 7.2, We examine some approaches
to account for these “next-level” effects. Before doing that, we need to generalize the
decomposition results,

Additive Decompositions with Products of more than Teo Terms  The resufts
in (13.7), above, can be looked at in the following way, which lends itself to gen-
eralization. Let v = .1",.1."': represent the general case in which the product of two
variables (scalars. vectors. matrices or appropriate combinations) defines a depen-
dent variable: the particular example here is x' = L'f'. Then the decompositions of
Ay = x]'.rz'—.r’:l:'.t'._ﬂ' in{13.3)and(13.4}are seentobeofl the form Av = (Ax ‘u'::_j+x]' Fi% o)
and Ay = (Ax J.r£ —i—.t"f{ﬂ..rg}. respectively. Specihically, year-0 weights are to the right
of a change term and year-1 weights are to the left in {13.3), and the vear-0 and year-1
terms are reversed for (134}

An approach for the case of more than two terms, as in v' =.1."'1.1J: o 'H” is to extend
the logic of these two alternatives.!” We begin with the case of n = 3, where y' =
xyabadl and hence Ay = .L'E.rix_{ = .1"|'-'.t'::"'x'§. Persistent and tedious substitutions from
_rJ' == _1'? + Ay, _L'; = rg' + Ax; and x_% == .r? + Axg will lead to

Ay = {Ax ,'I.rgx? +.ri l_ﬂ.rg}.l:f-? +.1£||.':’{1:_‘..1'3j (13.8)
Alternative substitutions and rearrangements will generate
Ay = (Ax ,'l.réx}‘ +_[?1ﬁ_l“3 J.r_-'1 +r?xg{!_‘|._1'3i (13.9)

1 These ure not the only options. See Dietrenbacher and Los | [995) fory very tharough discussion of slermutives.

E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.

Cambridge, , GBR: Cambridge University Press, 2009. p 598.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=632

Copyright © 2009. Cambridge University Press. All rights reserved.

May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable

copyright law.

http://site.ebrary.convlib/mitlibraries/docPrint.action?encrypted=411701...

04/01/2011 15:18



Input-Output Analysis : Foundations and Extensions

7 of 60

13.1 Structural Decomposition A nalysis 5049

The usual averaging leads to

Ay = q]fl;l{i\._rl}t.rgr_'i' - .tgl.r_lj

+ (1D A + o (A + 2008 + xjxhan) (1300

[Motice that the (1/2) terms result from averaging the fweo expressions for Ay in (13.8)
and (12.9), They are unrelated to the mumber of elements in each of the terms on the
right-hand sides of Av.]

There are similar results for n = 3. The pattern is the same in the equations parallel to
(138 and (1 3.9) —year-0 (vear-1) weights always appear on the right of the Ax term and
year-1 (year-0) weights always appear on the left. The generalization is straightforward
but, again, the algebra is tedious. The parallel to (132.5) is

Ay = (AxD) (xS X+ xliAe)xd . xD

SRR o £ B L [ L% M L ol €' I L [, (13.11)

The parallel to (13.9) has exactly the structure of {13.11) with superscripts “07 and =17
reversed, We write out the n-variable extension of (13.10), for completeness.

Ay = (]ﬂ}{ﬂ._rl}l{.rg'. ...1'1:,'} + Lr; .. ..r,',]]
+ (2 A by 4 afian)ad L
H o (0 A+ O s A )]
+ 0 A ] x) TA) {13.12)

Changes in Final Demand  Among the factors that may contribute to changes
in final demands between two periods are: (1) the total amount of all expenditures
for final demands — the final-demand level: (2) the distribution of total expenditure
across final-demand categories — for example., the total value of household consumption,
exports { possibly broken down by countries of destination ), government expenditures
ipossibly separated into federal, state. and local), and other final demands, as propor-
tions of total final-demand expenditure; and (3) the product mix within each particular
final-demand category — for example. the proportion of total household consumption
expenditure that goes to computers and computer services. This is reflected in the
coeflicients in the bridge matrix (see below).

In an n-sector input—output model, if there are p categories of final demand —
instead of a single final-demand vector, ' — then we have a final-demand matrix,

(1)
!
Tik

F' = [f]r,. . .,f;]. where II: =1 andfj.j_, records the amount of expenditure by
(= .

I
nk
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final-demand category k on the product of sector i in year £. In particular,

a. Fli=F'. the n-element vector of total final-demand deliveries from each sector in
year |,

b. iF'i=i'f' =f". the leve! (total amount) of final-demand expenditure over all sectors
in year [.

]

B

c. Laet f:ii’F"‘}“: ¢ |, where »i = total final-demand expenditure by hnal-

Lye

demand category & in year f).

The vector that indicates the distribution of ' across the p final-demand categories
is found as the column sums of F! divided by f'. or

vy if
d =[dl ="y = : (13.13)

(el ) 1
Vil

So d} represents the propertion of total final-demand expenditure in year ! that

originated in category &. Finally, the bridge (product mix) matrix, B | is
(1 fry

B = [b] = (F)§"h ! (13.14)

So B' is F' normalized by its column sums — Irh_ =f.-j.--'"'-1":'c indicates the proporiion of
total expenditures by final-demand category & that was spent on the product of sector
i in year f.!

With these definitions,

' =f'B'd' =By (13.15)
and so
Af =f' — =f'p'd' —r'B%" = B'y' —B%° (13.16)
This holds for data with either only one fnal-demand vector {(p = 1} or with
fi f—l
several final-demand categories (p = 1). In the former case, F'=f'= [ : |, fT =¥
fi

(a scalar), B' is a column vector (b} = /f" = f//y'} and @' = 1. In the latter case, the
final-demand matrix, disaggregated by categories, is seen to be F' = B'§,

11 This use of B is not 10 be confused with the outpul coefficients motrix in the Ghosh model.

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.
Cambridge, , GBR: Cambridge University Press, 2009. p 600.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=634

Copyright © 2009. Cambridge University Press. All rights reserved.

May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable

copyright law.

http://site.ebrary.convlib/mitlibraries/docPrint.action?encrypted=411701...

04/01/2011 15:18



Input-Output Analysis : Foundations and Extensions

9 of 60

http://site.ebrary.convlib/mitlibraries/docPrint.action?encrypted=411701...

13.1 Structural Decomposition Analysis ail

Decomposing the final-demand change in (13.16) as in (13.8), {13.9), and {13.11)

gives

Af = (Af)B"” + (AR + B (Ad)
Af = (afiB'a' + /%A’ + '8 ad)

and

AF = (1/2)(AFHB" + B'd")
Final-demand Jevel cffect

+ {12 AR)E +F AR

Final-demand miv effect

+ /0B + F'Bhiad

Finnl-demand disiribuion effect

{13.17)

(13.18)

{13.19)

When p = 1, Ad = (0. and the third terms disappear from (13.17)-(13.1%); in fact,

(13.19) is simplified to

AF = (1/20AFNBY + BY 4+ (12" + 'l aB)

Final-demund level effiect

13.1.3  Numerical Examples

Finnl-demand mix effect

(13.20)

e Category af Final Demand (p = 1) Continuing with the same numerical

illustration. -

.45‘| 4503 0005
B =| 3!. B'=|3153], AB=| .0153
.ESJ 3347 — 0154

=111 =100

Notice that (by definition] the column sums in B” and B! must be one and so the column
sum in AB must be zero: there must be one or more negative elements in AB to balance

one or more positive elements. This means that the final-demand mix effect for at least

one sector —the second term in ( 1 3.20) —must be negative. In this numerical illustration,

sector 3 has become relatively less important in total final-demand spending. Using

{13.20) leads 1o the results shown in Table 133,

Twe Categories of Final Demand (p = 2} Suppose that data are available on
two categories of final demand — for example. households and all other final demand.

12 14 s necessary to work with more than two decimal places in these colculations. bt results will continoe (o be

rounded 1o two,
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Table 13.3 Sector-Specific and Economy-Wide Decomposition Results (with
Twao-Factor Final-Demand Decomposition Detail

Final-Demund Change Contribution

Chitput

Change Level Mix Total
Sector 1 12 1105 (92} A1y 1116 (93)
Sector 2 20} 935 (4T) L5 A7) 186 (54)
Sector 3 20 1145 {57} —.B (—5) 1051 {53)
Total 52 31.B5 (61} BB (1) 32.53 (63)

9 1n this and later tables, percentages are shown with no decimal places, so there may be
{=mall} discrepancies between the total effect und the sum of its parts.

Conzistent with the numerical illustration, let

20 25 25 25
FO=[ff1=[10 20| and F'=1[f £}]]= |15 20
15 10 18 8
n ry
g0 [swum} - [0.45{10} wid ghe [5&*1 1 1} = 0_5225]
S5/100 0.5500 S3/111) — | 04775

and the bridge matrices are

20 25 | /45 o 0.4444 0.4545]
BY=110 20 |: E] 15 } = | 0.2222 0.3636| and
15 10 e 0.3333 01818
25 23 1/58 i 04310 04717
B! = |15 20 |: ; 0 ”5{| = | 0.2586 0.3774
8 8 0 0.3103 0.1509
Finally.
0735 —-.0134 .72
Ad=| 0725 |° AB=| 0364 .0137(. Af=11
; —.0230 —.030%

The decomposition in (12.19) generates the results in Table 134, Notice that, again
by definition, column sums in Ad {as with AB) must be zero. This introduces negative
elements into both the finzl-demand mix and distribution effects [the second and third
terms in (13_197].

1314 Changes in the Direct Inpuis Matrix
Decomposition of AL Changes in the Leontief inverse between two time
periods reflecl. of course. changes in the underlying direct mputs matrices. One
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Table 13.4 Sector-Specific and Economy-Wide Decomposition
Results ( with Three-Factor Final-Demand Decomposition Detail)

Finul-Demand Change Contribution

Ouetput

Change Level Mix Distribution Total
Sector | i2 11.053 (92} 31 3) —21{=-2} 1116 (93}
Sectlor 2 20 B35 (47 AT (12) —a1{-5) 1hae (54)
Seclor 3 20 11,45 {571 —1.605(—8) T4 151 (53)
Teral 52 31.85481) 1.4K8 (2] —A41{-1} 3253 (63)

approach to translating AA into AL proceeds as follows, Given L' =(I — A)~!
and L” = (I — A"~ postmultiply L' through by (I — A')

L'a-ah=1=L"-L'A' (13.21)
and premultiply L through by (I — AN
I-A"L =1=L"—A"" (13.22)
Rearrange (13.21) and postmultiply by L"
L'—1=p'A' s L - L' =r'A'L! {13.23)
Similarly. rearrange (13.22) and premultiply by L'
L' —1=A"L" s L'l -1 = 1'A"? (13.24)
Finally, subtract { 1 3.24) from (1 3.23)
AL=L'-LY=L'A'L" - L'AL! = L!'{aAjL" (13.25)

This expression relates the change in the Leontief inverse to the change in A: the
decomposition 1s a multiplicative one in which AA is “doubly weighted” — in this case
by L' on the left and by LY on the right. The reader can verify that changing each
premultiplication to a postmultiplication, and vice versa. in deriving {12.21} through
{13.24) will generate the {possibly surprising ') result that. in addition.

AL =L — L7 = 1PA'L! — EPAPL! = LR A ML) {13.26)

Since there is only one term on the right in either (13.25} or (13.26), there is no need
to express AL as the average of the two expressions: either one will do.

Again, interaction terms will appear if we choose o have only year-0 (L") or only
year-1 (L!) weights. For example, replacing L' with LY + AL in {13.25) leads to

13 The sesull is surprising in the sense that the order in which matrices appear in matriz multiplication usually

http://site.ebrary.convlib/mitlibraries/docPrint.action?encrypted=411701...

mukes & difference in the owtcome (in contrast to scalur multplication).
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AL = L{'{.-E\A}Lu - [&LJ{&A]LD. Making the same replacement in (| 3.20) generales
AL = LY AAL"+L% AA)(AL). This identifies another instance in which the general
“order makes a difference” rule in matrix algebra is violated; since the second terms
must be equal, we see that 1&LJ{.§.A}L“" =LY% AANNAL) Also, substituting Ll—AL
for L in both ¢ 13.25) and (1 3.26) will produce AL = L' (AAJL! — L' (AA) (AL} and
AL =LY (AAL' — (AL AAILY, respectively. In these two cases, wealso find that
the interaction terms are equal — {ALNHAAL! = L1 {AANAL).

In what follows, we will use the resalt in (13.25) to convert changes in the Leontief
inverse into changes in the A marix,

Decompositionef AA  There are many ways to create decompositions of AA.
For example. the BRAS procedure has been proposed as a descriptive device to identify
the underiying causes of coefhicient change between Ag and A when both matrices are
known. This is entirely different from the usual use of RAS, which is to estimate an
unknown A when only uy. v, and x| are known. 15 [A general introduction to RAS is
given in Chapter 7: there we used A(0), (1) and so on rather than A.U uj. ete.] From
A = fAgsand when A = A| (asis generally the case), let I = A, —A| = A| —FApS
or djj = u’] —d ', = a’ nﬂh, 5o Ay = Ay +D = #AgE + Dand E.I: = rruj_'., + dy.
This EI.HCI‘-\-\- the \E]Ji]IEI.ElDl‘I of coefficient changes into those thal are column -specific
(lfabrication effects for sector j. captured in s7), row-specific {substitution effects in
sector i, reflected in ry) and cell-specific (that part of the change in aj; that is caused by
other circumstances. dyj). Ll
Here we illusirate a straightforward dissgoresation into column-specific changes
only. Since each column in A reflects a sector's prodoction recipe, identifyving the
changes column by column is one way of disentangling the effects of input changes
in each of the sectors in the economy. For expositional simplicity, we denote these
as technology change. (The interested reader might refer again to section 7.2 where
alternative and more aggregate approaches to measuring changes in coefficients were
explored. )
For an n-sector economy,

L] {1
aj+ Aap oo ap, + Aay
Al=AV1Ax= : :
o
nl + ‘ﬁ‘ﬁl oz ar.w ﬂ‘uﬂ'f
13 A rontinuons version of this upproach has been noted (for example. Afrasiabi and Casler, 1001, Rose and

Casler, 1996 Asin (13.21) with Li1 — &) = L — LA = L use the product rule for differentiotion, {dL;dfy —
(dL/diA — LidA fdt) = Oor (dL/dniT — A) = LidA /db). Postmubtiplying by Lo (dL/d ) = Lid Ayl
15 Fnr:xam]?l-: see van der Linden and Dictzenbacher, 2000, Dictzenbucher and Hockstry, 2007; also de Mesnard,

Eil | I.+ M0,

16 A5 argul::l in van der Linden and Dictzenbacher (2000, pp. 2208-2209), o poor RAS performunce simply
indicates that other feell specific] detcrminants need 1o be taken into account. These provide the necessary-cor-
rections whenever the fubrication effects and substitution effects alone do oot adeguatcly capture the cocficient
changes,
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0+ Aay +-- 0

Let AAY = : : ¢ | represent changes in sector §'s technology — the
0+ Aay +-- 0

superscript *( /)" identifies the sector (column) in which coefficients change.”’ Then

n

AA = AAW s BAW o+ KAGY = Al (13.27)

e

=1 Technobory change

in sector |

This decomposition of AA can be introduced into ( 13.25), and the resulling expression
for AL can then be used in ( [3.7), which now looks like this;
Ax = (L2 ALE" + 1) + (1 /207 + LYyiar)
= [L ALY + 1y + (/L + L yan
DL AAD 4o ARLONED 1)y + (17209 + LhyAD

(LY CAAENE" 4 £y + -+ (LY AL LT + £

http://site.ebrary.convlib/mitlibraries/docPrint.action?encrypted=411701...

Effect of technology chunge in sector | Effect of technelogy change i sector »

+ (1/2(L" + Lyan
Efect of final-demand change

Numerical (lustration (continued)  For our numerical example,

A000 2500 2500 071

AY = | 1500 0625 3000| and A' = |.2143 .1100 2500
2000 5000 0500 3214 5000 0667

S0

0071 - 417
AA = [ 0643 0475 — 0500
02140 01e7

and, in particular,

0071 0 0 —1 0
aaM=|oaa3 00| A%=|0 04750
0214 0 0 00 0

{13.28)
U500 2917
00 0417
0 0 —.0500
00 0167

17 The supcrscript parentheses serve (o dislinguish.’t' . the direct inpats matrix in period 1. from AA° U, the mitrix

that refects the techoodozy change in sector | anly.
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Table 13.5 Sector-Specific and Economy-Wide Decomposition Results (with
Additional Technology and Final-Demand Decomposition Detaily

Technology Change Contribution Final-Demund Change Contribulion

Cratput Lristri-
Change Sector 1 Sector 2 Sector 3 Total  Level Mix bution Total
Sector | 12 G —10.25 4.45 B4 11.05 3l =21 1.1&
(55} [—85) (37} {T) (92} {3) (=2} (93)
Sector 2 20 12,42 | 28 —4.50 .14 Q.35 142 —.91 1086
(62} {6y {—23) (6] (47} (123 (—5) (54}
Sector 3 Ll 11.37 —2 85 BT .49 11.45 —-165 71 10.51
157} [—14) {5) 47 [57) (—H) (4} {53)
Tiabal 52 3043 —1182 _HbH 1947 3185 1. —41 3153
(50} [—23) 23 (37 [aly (2 (—1) (63)

Table 13.5 indicates the additional results from using this technology change decom-
position for our numerical illustration. As usual. percentages of row totals are in
parentheses. (Final-demand results repeat those in Table 13.4.)

13.1.5  Decompositions of Changes in Some Function of x

A number of studies have decomposed not simply gross output change but rather
changes in some variable that depends on cutput. For example, if we have a set of
labor input coeflicients — employment per dollar of output in sector f at time | {c'“,-? —let
') = Ef"; ++ ...y ]. Then the vector of employment, by sector, associated with output
at § will be g = &x' = &'L'I". and the vector of changes in employment is

Ar=ce! — " = @'LIp! — LY (13.29)

Decomposition into contributions by the three elements now follows the standard
pattern shown in {13, 10). Here this means

Ae=(1/2) (A&l +L'fh

Lazbor input coeflicient change

+ (1) [ AL + & (AL

Technology chunge

+(1/2) (e"L? + &Ly an (13.30)

Fimul-demand chiunge

Of course, additional decompositions of AL andfor AF as in section 13.1.2 are possible.
Exactly the same principles apply for any economic variable that is related to outpat by
a similar set of coefficients per dollar of sectoral output — pollution generation, energy
consumption, value added. ete.
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I13.0.6  Summary for Ax

For Ax we assemble both the final-demand decomposition (including distribution
across inal-demand categores) and the technology change decomposition in the same
exprassion, primarily for completeness. The expression includes all six of the change
COMnponents,

Ax = (1/2WALYE+ £y + (1/2(L + L'y Af)
= (DL AA L 1Y + L AaA L %+ 1
Effeetof technology change insector | Effect of technobopy change in sector 2
+ ()L YAAPYLONE + 1Y + (L LYy an @d"+ PlaY
Effect of technology change in sector 3 Effect of change in final-demand level

+ (ALY AP 47 AP £ (14)(PP° + PP ) (Ad)

Effect of change in final-demand mis Effect of change in finnl-demand distribution

(13.31)

13.1.7 SDAin a Multiregional Input-Output (MRIO) Model i}
The standard form of the MRIO model (Chapter 3) is x = (1 — CA)'CF = LCT,
where L = (I — CA)™', A is a technical coefficients matrix indicating intermediate
inputs for each region from both within and outside of the region and € contains input
proportions {both intraregional and interregional shipments). The distinctive feature of
this formulation is that the Leontief-like inverse contains both technical coefficients
and trade proportions. )
Following { 13,10}, for x = LCF we have
Ax = (I/2ALNC? + C'rY) + (1L ACE + Litacr™

+ (1/2L%" + L'c'yar (13.32)
To disentangle the trade proportions and technical coefficients in L we follow (13.25)
and then (13,7}, namely

AL = Lljaca)L?

and

ACA = (1/20ACHAY £ Ay 4+ (1/2)(C% + ChyiaA) {13.33)
First, using AL = L' (ACA)L" in (13.32),

Ax = (1L ACAHLIC + C'fYy + LN ACKE! + L ACH”]
+ (IR + LCharn
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and then using {13.33) (and rearranging}

Ax = (1)L + ey AL e + 'l

Effect of technelogy change
+ (1/HILACHAY - ALEP M + C'FYy
One effect of ude coeffcient change

+ (BENaE LA + (2l c £ Llchan (1334

A second effect of trade cocfficknt change Effect of final-demand change

MNotice in particular that the change in trade propontions exerts influence in conjunction
with both the technical coefficients (A" and A!) and also the final demands (£ and f! ¥y
This is logical. since in the MRIO model both A and f are transformed - into CA
and CF.

Embellishments are possible. For example. the final-demand effect might be further
decomposed into level. mix and/or distribution. as in section 13.1.2, Furthermore. some
models may feature {or at least propose) separate trade proportions for intermediate
inputs and for final demands. leading to x = (I — CaA]‘lCJrI = L*CpE. In that
case. AC, and AC; must be treated separately. This simply leads to more complexity
(more terms) in (12.34). In Appendix 13.1 we explore the implications of alternative
groupings of the terms in x = LCF {as has been done in some published studies) into
either x = MF. where M = LC. or x = Ly. where y = Cf.

13.1.8  Empirical Examples

Analysts are generally interested in structural decompositions because they offer a
means of guantifying the relative importance of various compoenents in an “explana-
tion” of some observed economic change — in early studies this was usually changes in
industry outputs: more recently, changes in labor use, value added. energy use. pollu-
tion emissions, service industry outputs, etc. have also been decomposed. The resalts
of empirical SDA studies are often used wo inform policy decisions — the relative impor-
tance of trade (and hence trade policy ) to an economy, the relative importance of one or
more components of final demand (and hence tax or subsidy policy ). and so forth, As
noted earlier, decompositions generate resulls at a sectoral level and summary measures
are needed. In Tables 13.6, 13,7, and 13.9, below, virtually all of the rich detail in each
of the studies cited has been foregone in favor of simple averages in order to present
figures that are comparable across studies.

Stucltes Using National Modely  The first study known to us that uses this
approach is Chenery, Shishido and Watanabe ( | 962), for Japan over the periods 1914-
1935 and 1935-1954." The authors were interested in deviations of later year output

16 This builds on carlier work by Chenery ifor example. Chenery, 1960}, & thorough summary of this kind of
unzlysis in the ecoromic development literutore can be found in Syequin { 1955), Hiustrutive exumples include
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from what it would have been under a regime of proportional growth from an earlier
year. These deviations were decomposed into the effects of { 1 ) changes in domestic final
demand, (2) changes in exports. {3} changes in imports and (4) changes in technology
{as represented by changes in elements of the A matrix),

A study by Vaccara and Simon ( 1968), to the best of our knowledge, represents the
first application of this kind of decomposition approach to the US economy. Using 42
industry groups, they measured the amount of output change that was attributable to
final-demand change and the amount due to ceefficient change over the 19471958
period. As a (very) general conclusion, they found final-demand changes somewhai
more important than changes in technical coefficients in contributing to overall output
change over the period.

Bezdek and Wendling (1976) continued this kind of analysis. They factored Ax
into Anal-demand and coefficient change in a 75-sector model of the US economy
for the 1947-1958, 1958-1963, and 1963-1966 periods. In addition. they compared
their decomposition results for 1958-1963 with those reported for Germany (1958
1962} in Stiglin and Wessels { 1972} at a 35-sector level. They found similarity in the
industry-specific influences of final-demand change but not of coefficient change.

The late 198(s and early 1990s saw the beginnings of an explosion of empirical
studies using SDA. The work of Feldman, MeClain and Palmer (1987} is frequently
cited.'” This study also examined the relative importance in the US economy of changes
in final demands and changes in technology — this time over the 19631978 period using
a very disaggregated 400-sector level of analysis. (The 1978 table was an updated
version of the 1972 survey-based national table.)

They use the form x = Ax + Bf = x = LBf and then define C = LB so that

= CF, where B is the bridge matrix that connects the outputs of some n =
[LET]

400 sectors to p = 160 categories of final demand.™ Thus their decomposition takes
the form Ax = (ACH? + Cl(AF) or Ax = (ACIF! + CYAT) — as in (13.3) and
{13.4). They define structural change broadly — “including changes in the structure of
production (technical change, reflected in changes in A) and in the microstructure of
expenditure (reflected in changes in B)” {p. 504, Generally speaking, the contribution
made by coefficient change was larger than the contribution made by fnal-demand
change for many of the fastest growing (lermed “emerging”) and fastest declining
industries. Al the same time. for most industries (almost 80 percent). the coefficient
change companent accounted (in absolute terms) for less than half of the gross output
change. -~

Fujita and James {1%%) — and many other p{lb]ﬂ.:ﬂil;ll:ﬁ by these authors — ot the nationel level and Sicgel,
Alwang and Jehnson {1995} for a “zrowth accounting™ study at the regional level,

1% And, less frequently, Feldman and Pulmer {1345),

-U This use of Cis not 1o be confused with the tride proportions matrix of the MREIO model.

2 They recognize that an alternutive would be I.a -"mup B with F and 0 use x = L{Bf), beading o Ax =
|5L|:B“l'""| + LY ABE) and Ax [.-:;L|1B £l + LY ABF). See comments on the effect of alternative
groupings on decompositions in .ﬂlppcndlt 13

2 Walff [ {545) used the same mode of unal}sn 1o study trends in productivity in the US economy.
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A second frequently cited study from this period is that by Skolka { 1959). [t describes
the structural decomposition methodology in some detail and applies it to a 1'9-sector
data set for Austria{ 19641976}, Both net output {value added) change and employment
change were decomposed into an intermediate demand (technology | component (with
separate domestic and imports parts) and a final-demand component (with separate
domestic and exports parts).

In what follows, we present brief overviews of several (from among many) addi-
tional empirical SDA studies concerned with identifying components of total output
change {in chroncdegical order). The main characteristics of these (and other studies)
are summarized in Table 13.6.

1. Fujimagari {19589, Fujimagari suggests that bundling Land B together (as in
Feldman, McClain and Palmer) is inappropriate. Instead he uses two triparite
decompositions and averages their results. These are

Ax = (ALBY? + LY ABHY + L'BY AL and
Ax = (ALB'F' + LY aBif! + L"B% A

[asin{I3.5)yand (13.9)] in a 189-sector Canadian model for 1961-1971 and 1971
1981, This approach has been used by others in later studies.

2. Barker {1990)). Changes over 1979-1984 in the outpul of market service indus-
tries in the UK are investigated — including distribution, transport, communications,
business services, and others, The decomposition — into changes internal to the
services group. external 1o the group in the rest of manufacturing and external
in the rest of industry — uses partitioned matrices extensively. Each of these is
further decomposed into changes in: input—output coefficients, total final demand
(level) and the structure of final demand (the distribution. as reflected in the bridge
miatrix .

3. Mantin and Holland ( 1992). Changes over 1972—1977 in the output of some 477 US
industries are decomposed from the defining equation

= (I—d A @l ey =L@t + &)

in which {all for year 1) u is a dizgonal matrix containing the domestic supply ratio
for each sector. A is the technical coefficient matrix {including imports). [ is the
domestic final-demand vector and e is a vector of exports. Thus @' A’ is an estimate
of the domestic direct input coefficients matrix and @'’ is an estimate of the vector
of domestic final demand that is satisfied from domestic sources. The decomposition
used is essentially that in {1 2.9}, namely

Ax = ALyt +e!) + LY Amf! + L%% Af) + L% Ae)
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After a good deal of algebra this can be expressed as

Ax = L%"An + L% Ae) + LY Aamf! + A'xD + Lo aAx!

i No alternative decompositions were used and so the results were not averages.) The
decomposition is thus apportioned to changes due to: domestic final demand, export
demand, import substitution, and input—output coefficients. With results for 477
sectors, groupings were necessary — these included aggregations into: (1) primary (25
natural resource related industries), secondary (409 manufacturing and processing
industries) and tertiary (43 support and service orlented industries); (2) nine sectors
that represent the BEA one-digit aggregation level; and (3) the 30 fastest growing

and the 30 slowest growing industries.

When commodity sectors were categorized according to 1972-1977 growth rates,
the importance of the technical change contribution was seen to increase with cat-
egories of increasing growth or decline — results consistent with those in Feldman,
MeClain and Palmer (1987). At the same time. examination of the specific decom-
positions for the 30 fastest growing and 30 fastest declining sectors indicated that
final demand was the dominant component in output change in 60 and 67 percent
of the cases, respectively, whereas technical coefficient change was dominant in
about 30 percent of the cases (both for rapidly growing and rapidly declining sec-
tors). This view of their results is at variance with those of Feldman, McClain and

Palmer.

4. Liu and Saal (2001). This study examines changes in gross outputs in South
Africa over 1975-1993. It employs essentially the same decomposition as Martin
and Holland {1992), except that final demand is separated into changes in pri-
vale consumption, investment spending, government spending, exports, and import

substitution.

5. Dietzenbacher and Hoekstra ( 2002). This study focuses on output change for 25 sec-
tors in the Netherlands over 19751983, The MNetherlands data are embedded in an
intercountry model for the European Union, and final-demand categories include
separate columns for exports to each of five EU member countries { Germany, France,
Italy, Belgium, and Denmark), the rest of the EU, the rest of the world, household
consumption, and other final demand. As might be expected, large differences were

observed across sectors, countries, and inal-demand categories.

6. Roy, Das and Chakraborty (2002). The particular interest of this study 1s to identify
sources of growth in the information sectors in a 31-sector input—output model
of the Indian economy over 1983-1984 to 1989-199). Instead of partitioning the
matrices into quadrants of information and non-information sectors {as in some
of the energy studies noted below), the authors simply define a matrix Z, created
from an identity matrix by replacing the main-diagonal ones with zeros for all non-
information sectors (so the remaining on-diagonal elements — and all off-diagonal
elements — are 0). Then #x selects only the information rows from the results of

various decompositions.
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Table 13.6 Selected Empirical Structural Decomposition Studies

Decomposition Components

Dietails
{country; dates; changed {percentage of total change?)
Author(s) and variable(s): aggrepation
Source level) Technology Final Demand
Feldman UIS; 1963-1974: Ax: 400 62 15
MeClain sectors (results for 15
amd Palmer fastest growing industriesp
(1087,
Table 1}
Skolka (19840, Austria; 1964-Ta6; 26 vk, T4 (v.a.), 66 (emp.)
P 3960 A (value added) and 34 (emp.)
alzo A (employment); 19 Dinwrestic Forelgn
indusirics 18 (v 56 (v.a)
46 (emp.) 200 {emp. )
Fujimagari Canada; 1961-71 and 1971- 1961-71
[ 198%, Tables 1 a1 Ax: LRY industries T2 {top 15)
and 2} (results for 15 fastest and 15 16 (bottom 15)
slowest growing indusiries) 1961-71 1971-21
. -
-x;i;.zﬁx:?iﬁ] T (top 13)
. - =50 (bottom 15)
1971-81
22 (top 15), Level Mix
159 {bottom 15) 1%61-T1 1961-T1
38 (top 15) 34 top 15)
69 (hottom 15) T {bottom 15)
1971-81 1971-81
Gl (top 15) 17 (top 15)
=120 (bottom 15) ol (bottom 15]
Barker ( 1900, LB 197084 63 18
Table 44 A (service industriesy; 100
i, 13 serv. ind. Level Mix
{aggregated 1o 5 serv. ind.) -1 M
Martin and US; 1972-TT: Ax: 477 3] o4
Holland ({19092, sectons
Table 1} Damestic Expart Tprort
g1 23 Lise
-0
Lau and Saal South Africa; 1975-93; Ax; 28 72
(2001, Tabkle 5} 34 and 10 sectors; results (Pvi. Cons., 61; Gov. Cons., T:
for 10 sectors only Inv., =32 Exp. 20, Imp. Subs.. T)
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Table 13.6 (comnt.)

Decomposition Components

Dictails v
(it dntie: dhciigiod {percentage of total chonge®)
Authoris) and variableis); aggregation Technology Final Demand
Solrce levely
Dietzenbacher  The Methertunds; 1975-§5; ap® 70t
and Hoskstrn Ax; 25 sectors (=201, 135) {=35. 301
{20082, Tahle
10.7) Level Cufegary FProsduct
T8 | Mix
(—118, {2504, ]
458) 57 {30,
236)
Bowy, Das and Inclia; 198345000 3 L
Chakraborty A (informmution seciorsh .
{2002, Table 4 30 non-information sectors  Mfo. Nan- Domestic Experts dmport
plus 3 information sectors coeffs.  info. a1 (3] Suhstinution
3 coetls. Pevel  Mix o
o 85 26

“Figures may nod add to 100 percent due o rounding.
'l‘]-'igum:i in parentheses indicate boundaries in the range of values across the 25 sectors in the study.

There have been many SDA studies concerned with energy and environmental issues:
some are noted in Table 13.7.2" Brief overviews of some of these are given below.

I. Office of Technology Assessment (US Congress, OTA, |99(). The primary interest
of this study is to investigate the components of the change in energy use in the USA
between 1972 and 1985. Final-demand level and mix along with changes in tech-
nology, disaggregated into energy inputs and non-energy inpuls, are investigated.
The decompositions are carried out for five energy tvpes: coal, crude oil and gas,
refined petroleum, primary electricity, and utility gas.

The calculation of the change in energy use due to different economic factors
was achieved by wsing 1985 as a base year and systematically varying one factor
over time while holding all other factors constant in their 1983 form. The model
separated energy sectors and other sectors and uses hybrid-units form (Chapter @),
The first & sectors (here & = 5) are energy commaodities and energy industries. In
partitioned form, the units in the four quadrants of the model are

An(BTU/BTU)  An(BTU/%)
A=
Aa(5/BTL) A (8/5)

2} Early enerzy-use decomposition stedics can be found in Casler and Hannon (1999, or Casler, Afrasiabi und
McCauley { 1991) whostudicd changes inenergy inpul—output cocflicicnts. There are muny other encrgy-related
studies in which Casler is a contribulor.
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Ly (BTU/BTU)  Li2(BTU/$)

L=
Lo (%/BTU) L2 (%/8)
f(BTLI)
f=
£y (5)

[%] [l L[]
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Sox = = .where x, represents cutput of the energy
|

sectors and  %g 15 a vector of outpuls of the other sectors. In particular, x, =

[im—kix1]

f)
[LH L]g] ¢ . Forexample, to assess the influence on energy sectors of changing

5

final demands. t_he authors use

ﬂx:DESg’IQ?] 2o [{Lﬁﬂilrllg'ﬂﬁ g {L:QEHS:IEL}Q"HS] = [{L:?lﬁ-]fllﬂl + {L{Eﬂﬁ)rl[gjll

Further decompositions into final-demand level and mix and technology change
in energy and in non-energy inputs are found following the framework in earlier
sections of this chapter. There is an interaction term at each decomposition level.
The authors admit that there s no consistent set of guidelines regarding what to do

with it, so they just report it as a separate component.—

2. Rose and Chen (1921). This study is also concerned with changes in energy use.
Here final-demand contributions were also broken down into level and mix. and
changes in technology were decomposed into a large number of either individual or
interactive effects involving capital (K. labor (L}, energy (E), and materials (M},
along the lines of a two-tier KLEM production function. Coeal, petroleum, natural
gas, and electricity are examined separately. {There were 14 change components

inall.y

3. Lin and Polenske ( 1995). This study focuses on changes in energy use in Chinzs over
19811987, The usual input—output accouming equation x = Ax+F is accompanied
by the energy accounting identity E = E; + E; [total energy consumplion equals
intermediate energy consumption (used in production activities) plus final energy
consumption]. This is expressed as mx = mAx + mf, where m is created from an
identity matrix by keeping a 1 only in those column locations that correspond Lo
energy sectors: that is, m selects the energy rows in Ax, f, and x. This approach was
already noted. above. in Rov, Das and Chakraborty (2002), but the Lin and Polenske
study precedes that. [This is an alternative to rearranging {renumbering) sectors so
that the energy sectors are all together — for example. the first £, as in the OTA study,

22 They cite () WolfT { | 985), who iznores it (b} Feldman, MeClain and Palmer ( 19571 and others, whe allocate

it equally arong the other sources of charge; and (¢} Casler and Hannoa (959} and others, whe “treat it

separately and repon its magnitude” (US Congress, OTA, 1990, p. 6],
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above. ] A little algebra shows that
E, =mAx =m[(I-A)"' —IJf

Decompositions are then carried out in the usual way.

4. Wier( 1995, The concern of this study is to identify environmental effects of produc-
tion, in particular the sources of emissions of carbon dioxide (COz ). sulphur dioxide
(50z), and nitrogen oxide (NOy ) in the Danish economy between 1966 and 1988,
using a 1 17-sector input—output mode! for that country. The decompositions identify
the following contributors: changes in energy intensity, changes in fuel-mix in pro-
duction sectors, changes in fuel-mix in energy production sectors, input coefficient
change (the A matrix). changes in final-demand level. and final-demand mix.

5. Kagawa and Inamura ( 206 }. This model, for Japan. is in commodity-by-commodity
format (Chapter 33, so the defining equation takes the form q = (I — BC~!) e,
relating commodity final demand to commodity output. Changes in total energy
requirements over 1985-1990 are analyzed. Partitioned matrices are used (as in
OTA, 1990) to distinguish between energy-supplying industries and other industries.
The commodity technology assumption (where the simple techmical coefficients
matrix, A, is replaced by BC ') allows for an additional decomposition into both
AB and AC™! components (for both energy-supplying and non-energy sectors) —
thereby reflecting changes in input structure and in product mix, respectively,

3

Many of the studies noted in Tables 13.6 and 13.7 were published in Economic
Systems Research. and often they contain. in their references, a number of additional
examples of SDA applications to which the interested reader can turn. It is important to
remember that the figures presented in these tables are agaregates over all {frequently
very many) sectors, or a subset of sectors, and of course all the rich sectoral detail is
lost in such summary measures. In general. analysts will often be interested in the
more detatled results for individoal sectors {or groups of sectors). This is the reason for
including the detail on range of values in the Dietzenbacher and Hoekstra (2002 stady
in Table 13.0, where each of the figures in the table is an average over 25 values.

It also should be noted thal percentage fgures (as in these tzbles) are extremely
sensitive to the differences between various changes. When a large positive effect (for
example, finzl demand contribution) is nearly offsel by a large negative effect (for
example, lechnology change contribution), the percentages can be enormous. A simple
table with several hypothetical results illustrates this fairly obvious facl.

Srudies Using a Single-Region or Connected-Region Model

Washington State. Holland and Cooke {1992 ) used the structural decomposition frame-
work at a regional (state} level to study the sources of change in the economy of
Washington over 19631982, using the survey-based Washington input—outpul tables

25 Muost of the nembers in the tables wese obained by (simple} averzging over the more disaggregated results -
either in value lerms or in percentages — presented in the stdics.
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Table 13.7 Selected Empirical Structural Decompositions of Changes in Energy Use

or Pollution Emissions

Details
{country; dates:

Author(s) and  changed variable]s):

Deecomposition Components
[percentage of total change™y

. i Technology Final Demand
Source ageregation level)
us US; 1972-85; 075 T30
Congrass, A (primary energy
OTA [ 1990, Usc) BE sectorns Energy  Non- fnter- Level Mix fiiter-
Tahs. 2, 3 6) inprisy  eneryy  acion HES =200 aCfion
=370 fnpaets =20 125
—185
Rose and US; 1972-82; Coal, 64; Petroleum, 231; Coal, 9; Petroletim, —370; Matural
Chen (1991} A jenergy use); Matural gas, 65; eas, =50 Electricity, 657
Hi) szctors Electricity, 5t Level Mix
Coal, 1) Coal, -51;
Perr. -5240;, Perr., 1350;
Mat, gas, —92; Mat. gas, 42;
Elec., 70 Elec., -5
Lin and China; 1981-87; —B3 185
Polensk A 1y Use);
(:;;;Is ':uhlc 3 ';T:: :::m:c] Eneryy inpuis  Non-energy Level Mix  Disiribusion
: : N 105 ingrts 196 3 -13
21
Wier (1998,  Denmark: 1906-85; =33 {C0y) 133 000y =274 (50, ) 35 (N0 )
f 3 ! i 73 5
Tables35) A olion 473802 Level it
117 sectors * 175 (€041 22 (CO);
sectors —~308 (503) 34 (S0)
P12 (NG =17 (NG
Kagawa and Tapan: 1985-00; 0 106
Inzmurz Adotal encreY gy foputs Non-energy Enerygy Non-energy
(2000, Table 51 requirements); 4 it & gl
04 sectons 4

Figures may not add to 100 percent due to rounding,.
Technology plus final-demand fizures do not add to 100 percent because an interaction term between

those two components is included in this study; in this case the interaction term is not small at

355%.

Apain, technology plus final-demand figures do not add to 100 percent because of an interaction term

between the two components. This term is: Coal, 27; Petroleum, 39: Natural gas, 15; Electricity,

=21

This figure is further decomposed into the Following percentages: Houschold consumplion (49),

Non-household consumption (3), Capital formation. public (10}, Capital formation, private (52);

Other {—22).
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Table 13.8 5DA Percentage Change Sensitivities

Technology Final-Demand

Final- Change as a Chaunge as a
Technology  Demand  Total Percentage of  Percentage of
Change Change  Change Total Change  Total Change
—50 1 — 5000 5100
—50 2 2 — 2500 2
—48 52 4 — 1200 L3
—55 45 10 —550 4350

for 1963 and 1982, Reflecting a concern with the importance of trade for the Washing-
ton economy, they separated out the role of changes in demand (intermediate and final )
within the state, within the rest of the USA (national markets). and outside the USA
{international markets}.

The US Multiregional Model (Miller and Shao, |994), Two implementations of a mul-

tiregional inpul—outpat (MRIO) model for the US economy are available — for 1963
{t = 0y and 1977 (t = 1). The 1963 model takes the form

!U =(1- CUA(J]—ICHIU

and the 1977 model is
x =a-p'c'e")'c'f

The C" and C! matrices contain the interregional trade proportions for the two years.
However, matrices D! and B! reflect technology in the 1977 model {only), which is
based on commodity—industry input-cutput accounting.”” Similarly, A" is a marrix of
technical coefficients in the 1963 model (only). Therefore, for simplicity, the super-
scripts on D, B, and A can be eliminated, giving the following eguation for gross
output change over the period:

e

ax=x'—x"=a-pc'e'cr' —a- ' {13.35)

The two total requirements matrices (transforming final demands into outputs) can
be denoted L' = (1—DC'B)~'C' and 1. = (1 - C"A)~'C"~" Then

Ax =L — L% {13.36)

This parallels{13.2), only now the two total requirements matrices are more complicated
than the usual Leontief inverses, L' = (I—A")~!. In particular, they incorporate both

25 T e consistent with the 1963 model, in which industry finu] demands drive industry outputs, the 1977 model
is in industry-by-industry format under the industry-based technology assumption.
2 Appendix 13| indicates alternative ways of decomposing X = (1 — CA) ' CT.
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technology coefficients (I and B in one case. A in the other) and trade proportions
(C! and C, respectively). In any event, following (13.7),

Ax = (20ALNEY + 1) + (U2)L" + L)(Af) (13.37)
where now (AL) = L' — LY.

In (13.7) the two terms on the right captured the effects of technology change and
final-demand change, respectively. Here, where

AL = (I-DCB)~IC — (I — CPA)y-ich (13.38)

the LIJ‘“ZJ(&]:}{fD + ') term encompasses changes in both technology and trade.

Digging Deeper into AL: Technical Coefficients, Trade Structure

Decomposition 1. Create M = (I — DC"RB)~'C”. This represents a kind of hybrid
total requirements matrix that combines 1977 technology (in B and D) with 1963 trade
structure (in C"). By subtracting and adding this term in (13.38).

AL = [(I-DC'B)-!'c! — 1 — DC"B)~1CY)
+ I -DC"B ' — 1 - A e {13.39)

The first term is a measure of the contribution o AL made by changing trade propontions
(with constant 1977 technology ) and the second measures the effect on AL of changing
technology (with constant 1963 trade proportions ). Then (13.39) can be written as

aL= (L'-m + ™-LY (13.40)
Trade change, Technology change,

1977 technology 1963 trade pattems

Decomposition 2. Consider, instead, N = (I — C'A)~!C!. This is a kind of total
requirements matrix that combines 1963 technology (in A} with 1977 trade structure
iin Ch. Subtracting and adding this term in (1 3.35) gives

AL=[1-pc'By'c' —a-c'ay'ch
+I=C'ay'C — 1 =)' (13.41)

In this case. the first term is a measure of the influence on AL that is due to tech nology
change (with constant 1977 trade proportions) and the second captures the effect on AL
of trade proportions change (assuming 1963 technology ). Now, {1341 )can be written as

AL= (L'-N) + (N-L"% {13.42)
—— —
Technology change,  Trade change,
1977 trade patterns 1963 technology
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Averaging. Averaging the results in (13,40} and { 15342} in the usual way gives

AL = (I2HL' 4+ M- LY —N)+ (2L + N— Lt — M) {13.43)

Technelogy change effect Trade chunge efect

and, putting this result into { 13.37)

Ax = (4L + M — LY — Ny(EO 4+ £1) + (1ayL! + N - L0 — Myr® +- 1))
Technology chunge effect Trde change effect

+ (LY + LYy an (13.44)

Final-demand change effect

Digging Deeper into Af: Level and Mix
The decompositions of Af given in (13.2(}) — into level and mix — were also camried
out. The final expression for Ax is

Ax = (UL + ML — Ny + £y + ' + N - L7 — My +- 1)
Technulogy change effect Trade change effiect

+ (1MULY + LA B + By + (1L + LY¢® + £ yaB)  (13.45)

Final-demand level effect Final-demand mix effect

This was used originally for a 7T0-sector. 51-region version of the model. The article
presents results for a version aggregated to L0 sectors and nine regions. This means that
in the onginal study there were 3,570 separate results for each of the decompositions.
The results from this study noted in Table | 3.9 below are averages over 90 outcomes
for each decomposition. This illustrates again that a structural decomposition analysis
for a reasonably large sized model generates an enormous amount of detail,

A Multicountry. Model for the Ewropean Community (Oosterhaven and van der
Linden, 1997). Here the authors are concerned with changes in value added that are
associated with changes in output in a multicountry input—output setting. The model
is a variant of the MRIO model, with 23 sectors, 8 countries and 4 categories of final
demand in each country. Their decomposition follows the general structure of (13.34),
with embellishments. Letting v and ¢ represent column vectors of value added and

villue added per dollar of output at . they work with
¥ = L't = L'B'y and v = &'y’ = &'L'By'

{The bridge matrix. B, and y". which contains final-demand expenditures by final-
demand category & in year f, were examined in section 13.1.2))
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Table 13.9 Selected Empirical Structural Decompositions at a Regional, Interregional
or Multiregional Level

Dietnils Decomposition Components ( percentage of total chanpe”y

Althon(s)
and Soairce Technology/Trade Final Demand
Holland and Washington 5 a5
Cooke (1992, state: [963-82; Wershington Rext of US and
Tohle 2) Ax: 51 sectors 10 worrld
56
heliller and s MRIO 34 67
Shao i 19494, model; 1963
Table 44 77 Ax: 51
regions. 1l Intraregivnal  Intevregional® Level Mix
Gl coeffictents coefficicnts 65 2
fapprerated to a8 & (51.79) i3, 13)
Frcgions, 10 {19, 5040 (=41, 19)
sectors)
Oosterhaven Intercotntry -2 102
wd van der model for EC;
Linden 1975 45:
(1997} A fvalue turva- Inter-  Valite- Level Mix
addded): & regiomal  revional  added 102 -1
collntries, 15 coeff. coelf.  coeff.
sectors 4 2 -3

“ Figures may not add 10 100 percent due 10 rounding.

¥ Fieures in parentheses indicate the range of values soross the nine regions in the study,

© This figure is further decomposed into the following percentages: Houschold consumption, 47,
Government consumption, 20; Investment, 13; Exports 1o other EC countries, 9 Exports outside
the EC. 12.

Then, following (13.12) forn = 4,

v = (120 AeLIBYY + LB + (12 [@aLyB'y ") + @i aLyB %))

+inELM ARy + @ LYy AR + (120 LB + LB i Ay
(13.46)

This accounts for the four components thal contribute to the change in value added.
The embellishments come from further decompositions of AL and AB.

The European Unien. The Dietzenbacher and Hoekstra study (Table 13.6) also has a
spatial component because the data used came from intercountry input—output tables
for the European Union (EU). This made it possible to disaggregate their final-demand
component into: household consumption, other domestic final demands (government
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consumption, capital stock formation. inventory stock changes) and exports — to
Germany. France, [taly, Belgium, Denmark. the rest of the EU. and the rest of the world.
Results from some of these studies are collected together in Table 139,

132 Mixed Models

In the vsual form of the standard demand-side input—output model — (I —Ax = F
and x = (I — A}'f — the final-demand elements, f, are the EXOTENOUS COMpO-
nenis. Changes in the f; come aboul as a result of forces that are oulside the model
{e.g.. changes in consumer tastes, povernment purchases), and it is the effects of these
changes on the economy’s gross outputs. X, that are quantified through the input—output
model.

In certain situations a mixed type of input-output mode] may be appropriate, in
which finz] demands for some sectors and gross outputs for the remaining sectors are
specified exogenously. For example, due to a strike of a major supplier, output from
a panticular sector might be fixed at the amounts currently on hand in warehouses,
awaiting transportation and delivery to buyers. Or. in a planned economy. a target
might be to increase agricultural ootput by 12 percent by the end of the next planning
period.

Mixed input-output models have often been applied in empirical studies in agri-
cultural and resource economics. Some examples (discussed in Steinback. 2004) are:

® Agriculture [Johnson and Kulshreshtha, 1952 (economic importance of differemt
farm types): Findeis and Whittlesey, 1954 (impacts of two irrigation development
projects); Tanjuakio, Hastings and Tyius, 1996 (contribution of agriculure to the
Delaware economy ); Papadas and Dahl, 1999 (relative imponance of 16 different
US farm commodities); Roberts. 1994 (effects of milk production quotas}],

® Mining [Petkovich and Ching. 1975 (effects of partial elimination of mining in
Nevada due to ore depletion)].

® Forestry [Eiser and Roberts, 2002 (relative economic importance of four different
woodland types)].

& Fisheries [Leung and Pooley, 2002 (impacts of reduction in fishing areas in order to
protect certain turtle populations)].

Most of these contain references to numerous additional studies.

All of the analysis in what follows is equally valid if we wish to model exogenous
changey in some final demands and changes in gross outputs of the remaining sectors —
that is, if the model is represented in Af and Ax terms. We illustrate both scenarios
below.

13.2.1 Exogenous Specification of One Sectors Outpui
Rearranging the Basic Equations  As an example, in a three-sector model,
assume that f1. f2. and x3 are treated as exogenous. (Since the numbering of sectors is
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622 Structural Decomposition, Mixved and Dyvnamic Models

arbitrary. we can always assume that sector n is the one whose output. not final demand.,
is fixed.) The basic input—output relationships are still embodied in the following three
equations:

(L —ay ey —apx —apza =
—azpx) + (1 —aplr; —ape =f

—azpx) —azr: + (1 —anla =4

Rearrange all three equations in order to have the exogenous variables (), f. and x3)
on the right-hand side and the endogenous variables (x),x2, and f3) on the left. This
gives

(1 —ayix —appe:+ 0/ = +aizoa
—aax + (1 —aale: + 0 = f2 + azna

—a3)x —azin — f3 = —{1 — a3l

Itis clear that not only fj but now alsoayzx; (forafixed.xrs) serve as exogenous “demand™
for sector 1 {first equation} and similarly both f> and @233 are now exogenocus drivers
for sector 2. To facilitate later generalization, we rewrite these equations o include all
variables in each equation. This gives

(1 —ay)e —apane + 0 = fi + 0z +agax
—azx] + {1 —anie +0f6 = 0ff + f2 + apas
—a3 ) —azzva — fi = 0ff + 0z — (1 — as3lx;

In matrix form {we use partitioned matrices and vectors to emphasize differences
from the standard input—output model) these two equations are

(1 —ay) —ap ] X1 N+ apax
—ar (1 —an) O x| = | Ft+ama (13.47)
—i1) —d32 -1 3 =1 —a33)n3
and
(l—anp) —apz 0 10 i3 1
—az 1l —azz) ( — |01 73 f2 (13.48)
1 —ia1z —1 0o —{1 — a1} X3
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13.2 Mixed Models 623
(I —ay) —ap ] 10 a3
leeM=| —dun (—an) 0| yn_|0]1 ax | Then(13.47)
—i1] —d3 —1 00 —(1—am
and {13.48) can be expressed as
X ™ fi + apars
M |9 |=| f2tans (13.49)
LAl [~ — a3
and
X h
M|¥2| =N fi—‘ (13.50)
il -I'EJ
with solutions
X N+ apn
| =M"!| 2tanx (13.51)
3 —(1 — @33)x3
and
.1'|—‘ N
| N | {13.50)

J’JJ X3

Using results on partitioned matrix inverses (Appendix A). it can be shown that

hy hy 0
M- = s'fl' _:i' i
Mo -

i A
. el ¥ B S
where L'Y = < e |:fL a) £ } , the Leontief inverse for a -

(23 2 —il3 1 —a
‘r“sl ‘”32 £l l 2

sector model,”® The important result to notice is that the inverse of the smaller model
is a component in M. Carrying out the multiplication M—'N, (13.52) is

X L2 LiY |:“13i| Si
2| = asfl |2 (13.53)
f3 [B1 1] ¥ LK

2 Here and in Appendix 137 we will somctimes find it belpful 1o use AR ynd L) = g1 — At~ hg identify
coefficient und Leonticf inverse matrices for a k-sector input-outpat model.
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624 Structural Decomposition, Mixed and Dyvnamic Models

The exact values of 8. f2. and p need not concern us at this point.
Of particular interest is the result for the endogenous outputs, 1y and x7.

X g fil | 2 | g3 i@ i+ ars :
|:x3i| =L |:f1i| +L |:H1J n=L |:f_r 4 ﬂ2.3i| e (13.54)

Suppose that a decision has been made to increase sector 3 output to some amount, 3.
for whatever reason {for example, o fill back orders, or because of anticipated new
demand, etc.). Using {13.54), we have fj = 0. f> = 0. and x3 = X3, and the effects on

cmrtre. U arnd T ara Farrd oo
SCCIOTs | dild £ dare 1OUId as

2} |“2|
x a2 1 i3 il
[TL] =L [a:j Ty T [ﬁi‘} X3 (13.55)
= & '!11_|_ *1: o)
11323

The vector |: __':| translates the new sector 3 output into seclor 3's increased demands

42373
for inputs from sectors | and 2. and the inverse for the two-sector model converts these
input demands into total necessary gross outputs from those two sectors.

“Extracting * the Sector  There is an altemnative approach that leads to pre-
cisely the same algebraic results for the impact of BI and x; on |:Tli|. If we modify
¥ J 1

the A matrix for the three-sector mode] by selting all the coefficients in row 3 equal to

@y /12 43 1 —ap  —aiz —a13
zero— A= |1 92 43| yegenerale (I—A)=| —¢21 l—an —an
0 0 0 0 0 1
and, importantly,™
L iyl I (27| B3
1—A)'= a3
[0 0] 1

This result depends. again, on properties of inverses to partitioned matrices
{Appendix A). It 15 explored further in Appendix 13.2 to this chapter.

Consequently.
X L po s N
xa| - a3 B

x3 [[} ﬂ‘] 1 X3

-

-

3,

and the results for rl are identical tothosein (1 2.33)or (1 3.54), (Weshow in Appendix

13.2 that this approach is valid for the general case of n — & sectors with exogenized
outputs. )

B Notice that althosgh A is singular o row of oll zers), (1 — A) is oot und it is the latter matrix whose inverse
is needed.
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In a regional context, this approach seems to have first been discussed in Tanjuakio,
Hastings and Tytus (1996): it is also featured in Steinback (2004}, The economic logic,
at the regional level, is that the regional purchase coefficients for the exopenized sectors
are sel equal to zero, thereby creating zero rows in A and eliminating those sectors as
suppliers of {additional ) interindustry inputs. It may be particularly helpful in regional
situations where the A matrix of a ready-made input—output model is available (e.g.
IMPLAN} and can be easily altered by zeroing out appropriate rows, ™'

13.2.2  An Alternative Approach When f . . . .. [, _, and x. Are Exogenously
Specified”!

This alternative makes use of the concept of an “output-to-output”™ multiplier

{section 6.5.3). Recall that L* H‘.’;! = Ll:._l. where

a';;' = fifly = [Aax AR [Ax ) Al = Axif Ax

These elements. [}, are viewed as “outpu—to—output” multipliers. Each of the elements
in column | of L* indicates the amount of sector [ output {the row label) that would be
required if the output of seclor f were one dollar.

If sector j increases its outpul to some new amounl. Xy, then LX (where & =
[0,.... 0.5, 0.. .., 0] will generate a vector of Lotal new outputs necessary from each
sector in the economy because of the exogenously determined output in sector |- That is,

x' =L"% {13.56)

This calculation gives the same resull for the endogenous x; as found using the approach
in (13.55), above, as is demonstrated in the following examples. This resull is shown
to hold for the general case in Appendix 13.2.

The structure of L™ makes clear that a standard Leontief inverse, L. can easily be
used 1o caplure impacts when any sector’s output is made exogenous. IF the outpuat of
sector f is specified exogenously, then all that is needed is that the elements in column §
of L (known |} be divided by f (known). Put otherwise, standard demand-driven output
multipliers for sector j will wniformly everestimate oulput—to—output multipliers for
sector f by [({;—1) x 100] percent. [The reader can easily show that (ly — ) /I = l—1.
given that [j = [ /lj;. i

30 This approech is closcly related to vorianis of the “hypothetical extruction”™ method fos nssessing u sector’s
importince 1o an cconomy through measures of scctoral “linkuge” {u topic explored in seclion 12.2.5].

31 This approach is apparcnltly first discusscd in Evans and Hoftenberg (1952) and again in Ritz and Spaubding
(1075, po 140

31 Roberts {1994) provides u numerical ilustration in un empirical application with both standard output musli-
pliers {finat demarad driven, from Ly and these from L* foutpot driven) for the case in which the milk sector’s
output is made exogenous. The (constant) percentage overestimation in the L model is 8.09. and the milk
sector's on-dingonal element in L is 1.0809.
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626 Structural Decomposition, Mixed and Dyvnamic Models

13.2.3  Examples with x,, Exogenous'

Suppose. as above. that we have a three-sector model in which fi. 5. and x3 are treated
52530

as exogenous. Let A = |.20 .05 .18 | (the first two rows and columns repeat the
20 .20 .10

two-sector example in Chapter 2). In the format of (13.50). we have

5 —.75 -
20 95 o \I _ Ia :; awllp
BT I

{—_2{} -20 —|J Lﬁj L} 0 —_QJ L;J

In particular,

[ 85 —25 O 10 30
M—|—-20 95 0o N_|01 @ a8| .4
| —20 —20 —|J 00 —_9J
(12541 3300 0O
M-l=| 2640 11221 0
| —.3036 —.2904 —1J

50
[.2541 .3300 4356
M-IN = | 2640 11221 2812
—.3036 —.2904 566
Notice that the 2 x 2 upper-left submatrix in M~ and in M~'N is indeed just the
7 ) 85 =25 el e [ o G
inverse of [—.Eﬂ 05 from the two-sector model in Chapter 2:

L — 1.2541 3300
| L2640 1.1221

Example £z §j = 100,000, /& = 200,000, vz = 130,000 In this case, from

(13.53)
X1 1.2541 3300 4356 [ 100, 000 256,750
x| | 2640 L1221 2812 | 200,000 | _ [ 293,000
3 —.3036 —2904 7566 | | 150,000 25,050

*3 Even though we will use four figures to the right of the decimal in the nemerical illustrations, comparisons
of alternative technigees will stll display small diffescaces due to rounding, especially when matrices are
inverted,
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If we are only interested in the effects on the gross outputs of sectors 1 and 2, then,
from ([ 3.53),

[.r.} _L E1i| Iy [ﬂr} = LY B| + rnm}
xa 5 13 2+ ax3xs
h+ £?|_q.'f3i| 145,000

and for this example, |:J|"1 +ayars = [22?1 0mi|. 50

[x]  [12541 3300 [145.000] [256.755]
l2] = | 2640 1.1221] | 227.000] T 292,997 ]

{The differences between these values and those for vy and x2 in the three-sector version
come about because of rounding in the computation of M™'N, in particular in the
elements in the third column of that matrix.)

Example 2: i = fr =0 xa = 150, (0

Approach 1. Suppose that only x3 = 150, 000 is exogenously specified; thenfj = f> =
0, and {13.53) leads to

1 1.2541 3300 435 0 65, 340
X2 240 L1221 2812 0 — | 42.180
\‘J —3036 —2904 7566 | 150,000 113,490

Again, if only the gross outputs of sectors 1 and 2 are of interest, and since fj = f2 =10,
x| L2 azrz| (L2541 33001 1450000 (65,345
x| aaga| | 26400 L1221 (| 27,000 T |42,177
{Differences are again due to rounded elements in the third column of M™! N.)

Approach [I. Continuing with the same numerical example but using the alternative
approach, we create L™ for our three-sector illustration. Here,

[1.4289 4973 575§
L={I-A"=]| 3769 1.2300 3716
| 4013 3838 13216
and so
1 4043 4356
L*=LL'=|2637 1 2812
| .2808 3121 1

Consider again the case in which sector 3's output is set at 5150,000. Here, then,

0
0
| 150,000

LA
I
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628 Structural Decomposition, Mixed and Dyvnamic Models

and, asin {13.56),

X 1 4043 4356 0 65, 340
= |ay| = | 2637 1 2B12 0 = | 42,180
3 2808 3121 1 150, 000 150, 000

These values for rp and x3 are the same as in our earlier results for the three-sector
model { Approach ). and of course x;3 = 150, 000, which is part of the stipulation of
the problem and is assured by the fact that };3 = 1. {By definition, all .fi‘l‘- =1

In Appendix [3.! we demonstrate that these two approaches for the case when
Xy 15 exogenously specified must always give the same results for the outputs of x;
through x,_;. (Again, results on the inverse of a partitioned matrix turn out to be

useful.)

Exampie 3 f; = 100,000, /5 = 200,000, x3 = 100,80  Consider the same
three-sector model, with exogenous values f; = 100,000, f2 = 200,000 {both as
before), but x3 = 100, 000 (instead of 150,000). Using {13.53), we have

X 12541 3300 4356 [ 100, 234,970
x| | 2640 L1221 2812 | 200,000 _ | 278.940
f3 —3036 —2004 7366 | 100,000 —12. 780

This simply means that the exogenously specified values of i, /., and xz in this
example cannot possibly be satished unless 3 is negative. If all variables represent
changes in{ Ax and Af) thento fncrease final demand for sectors | and 2 by 100,000 and
200,000, while tncreasing outputof sector 3 by only 100,000, can only be accomplished
by decreasing final demand for sector 3 by 12 780. This is not unusual in planned
economies; increased prodiction targets (Ax; > () may be attainable only through
decreases in allocations to consumption (Af; < 0). Similarly, in the case of a shortage
{due to z strike, for example), increases in consumption in other sectors may require a
decrease in consumption of the product that is in short supply. Whether or not negative
values for {3 make sense depends entirely on the context of the problem. If all 2’'s and
s are nor changes in. it may still be possible 1o attach meaning to a negative f;. For
example. if the expons component of final demand is defined as net exports, then a
negative value here for f; would mean net fmperis of j-type goods.

Example 4: The Critical Value of xy  From the solution in (13.53). using the
example values of fj = 100, 000 and > = 200, 000, we can find the critical value of x3
(call it .f;b that makes f3 = 0. {For x1 above this value, 3 will be positive; for x3 below
this value, f3 will be negative.) Replacing 100,000 by &5 and setting f3 = 0, we have

X [.2541 3300 4356 (| | 100,000
2| _ 2640 11221 2812 | | 200,000
0 —3036 —2904 7566 5
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From the third equation, (0 = (—.3036( 100, 000) 4+ {—.2904 {200, 000y + l_.?_‘t&ﬁ].?;
or ¥§ = 116,891,

Multipliers  Fromthe discussion thus far and from these numerical examples.
we recognize that M~'N is a maltiplier matriv that relates the exogenously given
values, X' = [xa] and F** = |}J:| in our examples, to those remaining x's and ['s
2

. . on Bl s mpry Emigis . — x a o=
that are endogenous, X —= |:1'-J and ' = |f3] 1n our examples. 1be elements i this
il

mutrix have the same kind of multiplier interpretation as we explored in Chapter 6 for
the usual input-output system — x = LE. In this example,

12541 3300 435
M-IN = | 2640 11221 2812

—J2036 —2904 7566

So, forexample, if Afi = L Af = Ax; = 0, wesee that Axy = 1.2541, Axs = 0.2640
and Afy = —(1.3036; if only final demand for sector 1 increases, then outpul in sectors 1
and 2 must increase while final demand for sector 3 goods must decrease. The elements
in the second column have a similar interpretation. The third column contains elements
that multiply changes in sector 3's oulput to generate consequent changes in outputs of
sectors | and 2 (and fnal demand for sector 3). Specifically, Afi = Afz =0, Ax; =
{4356} Axy and Axs = (. 2812) Axs. These third column elements in M N are thus
exactly the “output-to—output”™ multipliers that we created in denving L*. Notice in
particular (Example 3, above) that {; = 04356 and {3, = 0.2812; these are precisely
the elements in corresponding positions in M~ !N. This is no accident; Appendix 13.2
demaonstrates why this will always be the case.

13.2.4 Exogenous Specification of [ ... fi. Xe41... 0 Xu

The reader can easily work out the matrix representation of. say. a four-sector model
with f, 7. 13, and 1y exogenous, starting from the basic (I — Alx = [ relationships 1o
generite the parallel o, say, (13.48). For the general n-sector case. assume that seclors
have been labeled so that the outputs of the first k sectors are endogenous: ™

X

xn’.’l e

X}

3 Sectors inan r-sector mode] can always be numbered so that the first & are those withendogenous gross outpuls
ardd the remaining i — k) have exogenous gross outputs
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and the corresponding final demands are exogenous:

e_[']
il

Similarly the last in — k) sectors are those whose gross outputs are exogenous:

Xk+1
er

In

and corresponding final demands are endogenous:

[t
£ = :
L fa
IESTR. ST -
Partition the coefficients matrix as A = .where A = A%H denotes
LAz Ax

the submatrix made up of the first k rows and the first & columns of A [this can also
be denoted AY! (see foomote 241], Az = AR5 donotes the submatrix made
up of the first k rows and the last (n — k) columny of A, Az = Al-=8E] Ganotes
the submatrix made up of the last (n — &) rows and the first & columns of A, and
Az = AlZ=E—0-81 genoies the submatrix containing the last (n — k) rows and
columns of A, and where the I and 0 matrices are of appropriate dimension in each
case. The notation in the last three cases is necessary in order to distinguish specific row
and column composition of a matrix from the general notation A'™ for the coefficient
matrix of a k-sector input-output model.
The generalization of (13 48) for (i — k) exogenous outputs is

rtI _ Alh} “ xt']? I Alz [-e.r
- (13.57)
—An —I || £ 0 —(I— A [ x*

The solution procedure is the same as for any square set of linear equations. Using

the same notation as earlier, in the case when only x, was exogenous. we have
(I— Al "y 0 1 Aja ) e

M= and N = . s0 the solution to M =
—Az -1 0 —il— A i
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[‘f‘.‘.’ x|Z'I'I f{'l'
N . namely =M"'N . becomes"*
xr‘x fﬂ".'l !f_’.'[
X i i gh
k1) L¢ LA k1)
= i i {13.58)
" —Aa LYY (E— Aga) — Ay L™ Ay, x
[im—ky=1 lin—ki=1]
where (1— A~ = L®)_(We indicate the dimensions of exogenous and endogenous

vectors as an aid for what follows. ) The parallel result for the earlier case isin (13.53).
As a check on the logic of the results in (13.57), notice that the two “extreme cases”
correspond exactly to the basic input—output modal.

T
Case 1: No exogenous outputs; Here k = n, L) = Lin, xo = PR =
i
fi
Dl and Agp, Az, (0 — Az b x™, and £ do not exist. so (13.57) is just the standard
Lfn

input—output model (I — AM jx*" = £+,

Case 2: All outputs exogenous. Here & = 0,(I — Ax) = (I — Al"h x™F =

x| fi

o —‘ and L['I‘J,Azl.,.&m,x"”, and £ disappear from {13.57), leaving
| *n ,ﬁlJ

—H™ = —{1— A" ™ or (T— A")x™ = £, In words, if you specify all n outputs
in the standard model, the » final demands are uniguely determined.

Consider also the two “less extreme” cases, which make more sense when we are
dealing with the model in “changes in” (A) form, namely in which either Ax®™ = 0 or
AP =10,

Case 3. Ax"" = 0. Here the mode! is driven only by changes in final demands
for sectors 1. ... ko AFET £ 0. Then Ax®™ = LY AP, which is a standard &-sector
inpui—output model. As a conseguence, Af™" = —Ag LY AF™ = —As; Ax™. This
is a perfecily logical but not very interesting case. Here if Af*" = 0, then Ax™ = 0

and Af™ = —A2 Ax™ = 0, meaning that the changes in at least some of the n — &
endogenous final demands are necessarily negative. In words, since Ax™ = 0, the needs
of sectors 1, ..k for inputs from sectors k + 1, . ., 1, as itemized in Aop, must be met
by reductions in the amounts available for final demands for those remaining sectors.

Case 4; AI™ = 0. Here the model is driven only by changes in outputs of seciors
k+1 ..., m: Ax*T 2 0. In this case.

Axt — L& (2 A X {13.59)

35 This depends on results for the inverse of o partitioned matrix and also ca the siraightforward rules for
multiplication of partitioned mutrices. See Appendix A
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Ty k41 vo0 i

where Aj» = Alb—tn=b] — : ¢ |. For example, the first element in
Gk k4] v fin

Apr AxTwill beay f o A a2 A+ - -+ @1p Axy; this represents the inputs
that are needed from endogenous sector | to allow production of the fixed amounts of
output in sectors k + 1, ..., . [Inan early application of input—output analysis al the
regional level, Tiebout { 1%69) specified {(projected) the outputs of 13 out of 57 local
sectors exogenously and found the consequent outputs of the remaining 44 sectors in
the regional economy in just this way.]

At the same time, in this scenario AF™ = [(T — Axa) — An L% & 2] Ax™. This
is exactly the structure as we saw earlier in examining interregional feedback effects
in an interregional input-output model (Chapter 3) and in multiplier decompositions
iChapter 6). Here the logic is essentially the same: {a) &j2Ax™ identifies inputs
from endogenous sectors to satisfy Ax™; () L™ A3 Ax™" converts those needs into
tatal endogenous sector production (direct plus indirect effecis); (c) An LE A AxET
then translates that production into necessary inputs from exogenous sectors: and
id) since Ax*™ has already been fixed, this added amount must be netted out of
what would have otherwise been available for final demands in sectors k + 1...., R
(F — Azn)Ax®,

We will see insection 3.4 that a mix of x's and {'s in the endogenous and exogenous
categories can also be a useful framework for assessing the impact of a new industry
O @0 eCOnomy.

13.2.5  An Example with x,_y and x,, Exogenouy

Example 5 { Example 2 expanded)

Approach I Suppose now that both x2 and x3 are exogenous; along with fi = 0 and
x3 = 150,000 (as in Example 2}, let x; = 100, 000. Then, in terms of { 13.57) (the reader
might want. for practice. to check each of these submatrices as well as the subsequent
matrix multiplications}.

q
(1 — Ay 0 85 0 0
M= =|_s _
&5 1 ; ()
-2 0 —1
and
5 3
§ A 1 25 -3
N —rl —
- 0O —-95 .18
0 —(I—Ax) 0 a _g
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giving
o 1.1765 2941 3530 0] 52,360
f| = |-2535 8912 —2506 | 100,000| = | 51,530 (13.60)
'_,' —.2535 — 2588 B304 | 150,000 Q8,530
(ﬂ 82 Jm‘l
These results can be verified by noticing that = | 51 530, along with fi =
a2 a8, SJUJ

0.xx = 100, 000 and x3 = 150, 000, satisfy {Exoep{-fnr rounding} the basic input—output
equations. at the beginning of section 13.2.1.

Approach I, Alternatively, if we tried using L, we would find

1 I 4043 4356 0 105, 770
xX'=| | =L'%=|2637 | 2812||i00,000] =142 180| (13.61)
2 2808 3121 | 150, 000 181,210

which is totally wrong — neither x2 nor x3 is at its prespecified exogenous value and
xp s wildly different from the result in (! 3.60). As already mentioned, we indicate in
Appendix 3.2 why the L* approach is only possible when just one seclor’s output is
specified exogenously.

133 New Industry Impacts in the Input-Output Model

The input—outpul model provides a framework within which to assess the economic
impact associated with the introduction of a new industry into an economy — for exam-
ple. a bhasic manufacturing activity in a less-developed country, an export-oriented
industry in a region, and so on, A quantitative approach to this kind of problem is
extremely important, Individuals responsible for planning economic development (for
a nation ora region) need to be gble to make guantitative estimates of the total amount
of economic benefit that can be expected from policies designed to attract certain kinds
of industry 10 an area. Then the costs associated with attracting the activity - for exam-
ple, reduced business taxes as an incentive, possible environmental degradation — can
be weighed against the benefits of the new economic activity associated with the new
industry. For convenience. in this section we will consider that the in-movement of the
new industry is to a region, whether studied in isolation or as part of an interregionsl or
multiregional system. [t will be clear that the same principles apply if the “region” is in
fact an entire country. In the input—output literature. one finds discussions of essentially
two ways of introducing a new production sctivity into an economic area — through
a new hnal-demand vector only and through the addition of new elements into the
technical coefficients table for the economy. We examine these in turn.
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13.3.1  New Industry: The Final-Demand Approach

For illustration, we again consider a two-sector regional economy, for which we have
a2 x 2 input coefficient matrix. A = [21: zf] If a firm in a different industry. which
we will denote sector 3, were to locale in the region. one way of attempting to quantify
the impact of this in-movement on the region is as follows."" From an input-output
coefficient table for another region of the country, or from a national table, or from
surveys, assume that it is possible to estimate what the inputs will be from sectors 1
and 2 per dollar’s worth of output of the new sector 3: that is, a;3 and aa3.

In order to quantify the impact of the in-movement of sector 3 to the economy, we
must have some messure of the magnitide of new economic activity associated with
sector 3, In input—output terms, this means that either sector 3's level of production
(gross output), X3, or of sales to final demand, 3, must be specified. For this example,
assume that the measure of new activity by sector 3 is gross oulput; denote this proposed
level of sector 3 production by 13, This is often the case. A new firm plans to build, say,
a %2.5 million plant with a planned annual cutput of S850.000, for example. Then the
new demand on sectors | and 2 that arises because of production by the new sector 3 is

ap3x3 and ga3x3. respectively. That is, we can view these new demands as an exogenons

change imposed on the original two sectors: Af = i”‘? . and so the impacts, in terms
2343
of the outputs from these two sectors. will be given by Ax = LAF:
Ax — |0 hz| [ands] _ [mands + e (13.62)
by ] [ani; laia3¥s + haants

Given that there are also the vsual kinds of final demunds.f] and fl. for the products
of the two sectors, lotal gross outpuls in sectors | and 2 will be

x| _ [l ha] [fi +as®s] [ +aiska) + ho(f + axsa) (13.63)

x| U b [f+ant]| [ + e+ (f +ani) o
This is exactly the structure of the model in (13.55), and for the same reason. We are
specifying {1 and {3 and, in addition. the value of x3. When X3 = 0. that is, without the

new sector in the region, this is a standard inpui—output exercise. When fj = 0 and
f2 =0, then in (13.63) we find the impact of the new industry alone — as in (13.62).

15025
For example. using the same illustration. let A = |:,:;} DS:|' Then (I —A)~! =
1,253 330 : . .
|: 64 1| J’J?}' Assume that our estimates of the direct input coefficients for the new

sector 3 are a3 = 0.30 and a3 = (.18, and that the plant in the new sector 3 that
is moving into the region expects to produce at a level of $100.000 per year. So.%; =

' This is essential ly the upproach used by Isard and Kuenne (1953) and by Miller { 1957} in early applicalicas of
the input—output Framework a1 a regional level
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30,000 -
100,000, Af = [IS,D{ED]' and, asin {13.62),
1.253  330( | 30,000 43,360
S [ 264 uzz} [IE,(HJ r [23, Ilﬁ] (1264

Sector 1, in satisfying the new demand for 530,000 worth of its product. will ultimately
have to increase its output by 343.560. Similarly, the new demands on sector 2 from
sector 3 are R 18.000, but in the end sector 2 will need to produce a total of 328,116
more output. These figures represent one way of measuring the impact on an economy
that comes about from the in-movement of new industrial activity.

With @13 and a23 assumed known. but aaj = az2 = a3z = (. the basic equations in
this approach are

(1 —apdx; —appx: —apiy =
—axy+ [l —apln —ann=H
Oy +0n+a=_f

The first two equations reflect the fact that sector | and 2 outputs are used as inputs to
ithe new}) sector 3. The third equation shows that all of sector 3's output can be used to
satisfy final demand, since it is not used as an input to production in the region. (For
example, a sector may move to a region to be closer to the sources of inputs. while
continuing to produce a product for export. )

In matrix terms, with

) ap @z ag . (1 —ap) —app —apz
A= |2 dx 41| gnd (I—A) = —daa; (1 —amn) —an
a0 0 0 0 1] I

we have partially included the new sector in the A matrix. To assess the impact of new
sector 3 production, X3, we let fi = Oand 5 = (kL Also, f5 = 13 = X3, from the third
equation above, Thus

0

u= L 0

s
f.'here L = ﬂrjl_ = {I — A)~!, Because of the zeros in F. = F;;.i‘;, Tz =
ln¥:, and x3 = la¥s; That is, only the third column of the inverse is of interest.

Using results on the inverse of a partitioned matnx (Appendix A) it is easily shown that
ha| (I hiz| ez T
E:a] i [1’21 | [at23 andles =1
x| [ hz] e =
x| T dw dm] (e

exactly as in (13.62), above, Note also that, as expected, x3 = (1)x3.

In particular. then.
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13.3.2  New Industry: Complete Inclusion in the Technical Coefficients Matrix

The estimate of the impact of the new industry that was given above is clearly con-
servative; the complete impact of a new sector of an economy would reflect the fact
that not only would the new industry buy inputs from existing sectors, but it would
probably alse sell its own product as an input to other producing sectors in the econ-
omy and ultimately the entire technical structure of the economy may change. In the
first place, there will be a new column and row of direct-input coefficients associated
with purchases by and sales of the new sector. In addition, there may be changes in
the elements of the original A matrix, reflecting, for exampie, substitution of the newly
available input for one previously used.

To completely “close™ the previous 2 = 2 coefficient matrix with respect to the new
industry, we need a3 and a23 (which we have already assumed can be estimated), and
we also need a3y and aso, estimates of how much each of the old industries (1 and
2} will buy from the new sector (3) per dollar’s worth of their outputs, plus aaa. the
intrasectoral input coefficient for the new industry. For in-movement of a new industry
into a region with n original sectors, the previous approach required that we estimate
n new coefficients (a column for the new sector, except for the last element). For
the present approach we need an additional (n + 1) coefficients {a row for the new
sector, including intraindustry use per dollar’s worth of output): we need (2n + 1) new
coefficients in all.

Again, assuming that x3 is known, our three-equation model, relating the endogenous
variables xp. x2. and f3 to the \rnlues_ﬁ. f], and 1, is still

(1 —ayp e —apae —apzin :j_']
—az1x) + (1 — axn)x; — apks = o (13.65)
—azixn —apa + (1 —an)n =f;
Rearranging, to put exogenous variables on the right-hand side,
(1 —ayix —ajpe: +0f =_,I"_-| + a13xa
—azlxl + (1 —anie: + 0/ = f: + a23x3 (13.66)
—ds1x] —aaznn —f3 = —(1 —aa3)as
The matrix representation for (13.60) is

(1 =) =z El—|
0

—aal {1 —a22)

_.l'j[ + i3ks —|
4 ani J (13.67)

—{1 — a11)%3

—i3] —132 —1

This is exactly the structure of the model in (13.4%5), in the previous section, and so
solution possibilities are the same as we saw in the examples of that section. In parti-
cullar, there is no guarantee that the f3 associated with given values fi.f2, and &3 will
be positive.

Instead of specification of the level of gross output of the new sector, one could
quantify the magnitude of the new operation by exogenously fixing the level of sales
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to final demand — that is, by specifying f5 at _,IF_x. instead of x3 at ©3. But then, from
(13.65), with x3 now a variable to be determined (not specified at X3), we sea that this
is a standard kind of input—output problam. "r‘-"helherfl = 0 or not, and whetherf: =10
or not, given snmef_q = 0, we find the associated values of the necessary gross outputs,
xp.x2, and xs, through the use of the Leontief inverse to the 3 = 3 (I — A) matrix in
(13.67), Thus, when the level of new sector activity is specified in terms of sales o
final demand rather than gross output, no new principles are involved in assessing the
impact on the economy into which the industry moves.

For exampie, for our ilfustrative problem, the 3 x 3 technical coefficients matrix 15

~[15 225 30
A=|20 05 .8
20 20 .10

{using an overbar to distinguish this from the original 2 x 2 A matrix). Thus the matrix
of coefficients in the equations in (13.67) is

85 —25 —30
I—A)y=1—-20 95 —1% (13.68)
—20 =20 .90

and the corresponding inverse is

1.429 497 .57
L=| 377 1.230 .372 {13.69)
A01 384 153212

Given f; = 100,000, f> = 200,000, and, say, fz = 50,000, we find that

.1'1—‘ 1.429 497 .5?6—‘ L0, OO0 271,100
v o= | 377 1.230 372 200,000 = | 302, 300 (13.70)
.1'_1J 401 384 IJEEJ 50, 000 183, 000

in standard input—output fashion.

13.3.3 A New Firm in an Existing Industry
If the firm that moves into a region belongs to a sector that is already established in the
region. so that the effect is to augment the production capacity of a particular existing
industry, net introduce it into the local economy for the first time, the assessment of its
impact is fairly straightforward. In particular, an input—output table for the economy in
question will already include interindustry and intraindustry relationships for the sector
in which the new firm is classified.

Assume that we have a three-sector economy and that the new firm is classified as a
member of sector 3. Thus 3 x 3 Aand L matrices are known. If the level of activity in the
new firm is specified as a certain total amount of production, then we have a positive x5,
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and the relationships among sectors are exactly those shown in (13.65), above, where
now we use x3 in place of X3 to distinguish the two cases (I3 when the industry was
new to the region, x7 when the new firm only represents an increase in capacity of the
existing sector). The new demands on the three original sectors are found as

ay _u’_;—l
aqu_;J (13.71)

a3zxy

and impacts on all three sectors are found in the standard input—output way:

iy _1.1.'_’{—‘
Ax=L @333 (13.72)
rm.r_’{J

If the level of new capacity in sector 3 is specified through an additional amount of
sales to final demand, that is, as Af3, then the impact is found in the usual input-output

o ]

wity. The new final-demand vectoris | 0 J and

Afi
0]
Ax=L| 0 (13.73)
;-.faJ
which is just
{ 1.1—|
Ax) = A Ay = laAfi, A = laAfor Ax = | Bl | (AfR) (13.74)

f!!J

For example, assume that the Leontief inverse for the three-sector economy is as
shown in (13.69). If a new firm in sector 3 moves into the economy and its projected
level of annual production is 31200000 (x = 120,000}, then, using the elements in
the third column of the technical coefficients matrix, we find the new final demands in

(13.71)as
(300120, 000 ] 36, D00
(.18)(120,0000 | = | 21,600
(.10)(120, 000) | 12,000
and, asin (13.72)
1.420 497 576] [ 36,004 69, 127
Ax=| 377 1230 372 | 21600 = | 44, 604
401 384 1.322] | 12,000 38, 504

Motice that the fotal new output from sector 3 is $158,594, This figure includes the
5120.000 from the new firm and 338,594 of additional output from the old (existing)
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firms in sector 3. On the other hand. if increased capacity in sector 3 is specified as,
say, 570,000 more sales to final demand for sector 3 goods, then, as in (1 3.73),

1.429 497 576 0 40,320
Ax = 377 1230 372 0 = | 26, 880
A01 384 1322 [70.000 92,540

|'.5?ﬁ—l
which is just | 372 | (70.000), as in (13.74).
| 1322

13.3.4  her Structural Changes

As already mentioned, when a new industry moves into an economic area, or when the
capacity of an existing sector is increased. it is entirely possible that current transaction
patterns for existing sectors in the region will change. For example, sector §. which
formerly bought input i from a firm located outside the region, may now purchase
some {or all} of input i from the new local establishment. Or, indeed. sector j may
replace formerly used input k, bought from a producer in the region, with input i
bought from the new establishment in the region. Such changes in transactions. the
elements of the & matrix. will generate changes in direct-input coefficients in columns
and rows other than those for the new sector (or for the sector whose capacity has been
increased. )

[t should be clear that out-movement of a firm or an entire sector from a local econ-
omy can be treated in much the same way. Usually output. income, employment or
value-added multipliers provide an adequate approach to quantifying such decreases
in economic activity — particularly if, say, one plant closes but other plants in the
same sector remain. If all economic activity in a sector is stopped — for example, all
shoe manufacturing leaves Massachusetts and moves to the South — then the column
and row for that sector disappear from the Massachusetts A matrix, and local pro-
ducers in other sectors that use the product as an input will either have to import the
good that has disappeared from the local economy or else they will substitute alter-
native locally produced inputs. Similarly, local firms that previously supplied inputs
to the now-absent sector will find their sales patterns altered. Again, changes will
occur in other columns andfor rows of the A matrix. However, it is extremely diffi-
cult to predict exactly where these changes will be and exactly what their magnitude
will be.

134  Dynamic Considerations in Input—Output Models

I13.4.1 General Relationships

Thus far, we have considered analysis using the A matrix of technical coefficients
derived from measured flows of goods between sectors. purchased to serve current
production needs during a particular period of time. Each of the flows, z;. is viewed
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as serving as an input for current output, vy, and these relations are reflected in the
technical coefficients. ay = zj/x;. Actually, however. some input goods contribute
to the production process but are not immediately used up during that production —
machines, buildings, and so on. In other words, a sector has a certain capital stock that
is also necessary for production. If one could measure the value of the output of sector
i that is hald by sector j as stock, kjj, then one could estimate a “capital coefficient,” by
dividing this holding of stock by the output of sector f, over some peried. Along with
fixed mmvestment items such as buildings and machinery. goeds bought as inventory
by sector j, io use as inpuis io later production, may aiso be inciuded in the &y term.
Let by = kij/xp; this coefficient is interpreted as the amount of sector i's product
{in dollars) held as capital stock For production of one dollar’s worth of cutput by
sector f.°7

For example, if sector { is the construction industry and sector f is automobiles, by
might represent the dollars’ worth of factory space per dollar’s worth of automobiles
produced. Clearly. for current production, the machinery, buildings, and so forth must
already be in place. But if an economy is growing. then anticipated production (next
year) is different from current production (this year), and the amount of supporting
capital may change: one simple assumption (often used) is that the amount of new
production from sector { for capital stocks in sector | in time period ¢ 4 1 (say next
vear) will be given by b,;.-{.l.';“ — tlj, b where the superscripts denote time periods (here
wears): that is. the amount of sector § production necessary to satisfy the added demand
in sector j for goods from sector [ as capital stocks for next year's production is given
by the observed capital coefficient, by, times the change in sector j output between
this year and next year. q.\':i_'l = .r_'}j. This use of the capital coefficients assumes that
production is at or near effective capacily in sector §, since the anticipated increase in
production, if ! —.1';] is positive, requires new capital goods, ™

The typical equation for the output of sector § in period t would become

n

n
g=3 agy+ Z‘Ihr—_ﬁt.rj oy (13.75)
_Il=

i=1
or

n

il ]
'lJr = rl?f_f.fj + ZJ’?..\: - Z bfa"‘;;+l =_|I"|-! (13.76)
1 =1

f 1=

¥ 11t hus become traditional to use by, end luter B = [f], for capital coefficients in a dynumic input-output
maxtel. It is also traditional to use B in the Ghosh model. 15 we saw in section 121, amd to represent a “bridge”
matrix, a5 in section 13[4 The context should make clear which meaning is intended.

3 The xlr"'l — i term could adso be negutive o zero. Thus, if by = 0,02 and .1.‘;" » J.j = 5100, there will be a
need for $2 more outpul from sector § for sector 3 if .TF‘-" - "‘j = —5300, the model would forecast a decrease

of 56 in purchases from § by J. In general, we are usuully concemned with sectoral consequences of economic
grovwth, so thut the uswal setting in which the dynamic model is used is U.'h-m.ri“" - 'H‘, is sirictly positive.
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The matrix form, using an # x n capital coefficients matrix B = [by], is
I—AN B -y = orl— A+ B — Bt = ¢ (13.77)
One rearrangement of this result is
Bx'tl = (I—-A+Bx — ¢ {13.78)

fort =0 1,...,T. For example, if the time superscripts denote vears, this represents a
set of relationships between gross outputs and final demands starting now (vear t = 0)
and extending T vears into the future.™

These are linear difference equations, since the values of the variables — the xj —
are related for different periods of time via the coefficients in A and B and the final
demands. Solution methods for sets of difference equations. and analysis of the values
of the variables over ime, are topies that go beyoend the level of this text. The imtention
here is primarily to acquaint the reader with the notion of capital coefficients and with
one of the ways in which the existence of stocks of capital goods for production have
been incorporated into input—output analysis.”' Clearly, the assumptions inherent in
this model — for example, the stability of capital coefficients over time — deserve just
as careful scrutiny as those in the static model. Moreover, data and measurement prob-
lems for estimating capital coefficients are even more severe than those for technical
coefficients.

From (13.77} it is possible 1o derive either a “forward looking” or @ “backward
looking” expression. Solving for x' in terms of ! givesx! = (I- A+ By Bx ! +
£'): letting G = (I — A + B), this is x' = G~ (Bx'*! + £').*' Each period’s outputs
depend on the outputs of the following period {and current period final demands). This
kind of solution is possible as long as G~ exists, and in practice (I — A + B) is nel
likely to be singular. On the other hand. from {13.77) or (13.78) we can equally well
find x*+1 as a function of x', namely x+! = B-1(Gx' — F'), and now each period’s
outputs depend on the outputs from the previous period {and. again. current period final
demands). This approach requires that B be nonsingular, and, in fact, singularity of the
B matrix is a problem in dynamic input-output models. It is easy to see why it might be
that |B| = 0. Ina model with a fairly large number of sectors (a relatively disaggregated
maodel ), it is very likely that there will be sectors that do not supply capital goods to any
sectors —that is, sectors whose row in the B matrix will contain all zeros. (For example,
if there were a sector labeled “Agriculture, potatoes.”) When one or more rows of a

3 1n some discussions of dynamic input—sutput models, the time superscripts ure shifted “backward” by one
period, leading 0 (F — A + Bix'™! — B’ = "1, There have also been differing labeling suzgestions -
“hackward-lag™ vs. “forwurd-lag™ models - which need nol concern s,

40 For the reader who is Familiar with differentiol caleules, there is a continsous version of this model. As the time

interval bebween periods becomes very small, the :I.iﬁ'i:lf.'.rn.‘r.'rJr"'L - .1J'f approaches the derivative di/dr. The

n L]
continuous analog to (1373 s thas g = 8 agag -+ 3 b.'.;ld.rj-jdﬂ] + . and, denoting the time derivative of
=1 J=1
the vector x by %, we would have B = (1 — A)x — . These are linear differensial equations for which solution
procedures and stability analysis are also possible but beyond the level of this text
46 Recall thun G is ulso used in'the Ghosh model. but the context should make clear which meaning is intended.
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matrix contains all zeros, the determinant of the matrix is zero and so the matrix has
no inverse. ! In later examples we will see that even when B is nonsingular, it may be
somewhat “ill-conditioned™ and contain unusually large elements in its inverse,

In developing capital coefficients, one may also wish to distinguish between “replace-
ment capital” —for example, investment for replacing depreciated equipment — which is
a function of current production, x'. and “expansion capital” — for example. investment
in new equipment for expanded production capacity — which isa function of industry
growth (the difference between current and past production, ¥t —xf). In this case we
might write the analog to (13.77) as

(I—-A-D+B — B =

where D is the newly added matrix of replacement capital coefficients and B is now
the matrix of expansion capital coefficients.

Al aregional level, several operational models have been formulated, such as those
found in Miemnyk ef al. {1970}, which examines altemative economic development
strategies for the state of West Virginia. and Miemyk and Sears (1974}, where the
impacts of pollution-control technologies on regional economies are analvzed, using a
dynamic input-output model.

1342 A Three-Period Example
Consider (13.77) again with G = (I — A + B} and let T = 3. Then the difference
equation relationships are

Gy’ — Bx' ="
Gx!' — B =1
Gy’ — By’ =12
Gy —Bx' =1
or
G-B o 0 07| I
6t G -B 0 0 B i
o — a4 3.
b0 G -Bo||5 TR 3.9
00 ¢ G -B||, &
X

MNotice that there are four matrix equations involving five unknown vectors. %

through x*. If there are n sectors in the economy, we have 4n linear equations in
5n variables. An issue that arises in many dynamic models, including the input-output
system. 1s which values 1o specify as fixed in the dynamic process. Generally, there are
initial values. at the beginning (r = 0}, when one starts with a given amount of, say,

42 There is a larse literature on singulurity in the dynomic Leontief mode | and variations in the mode] that aftempt
to awvoid the problem. This subject is vast and beyond the scope of this book. An interested reader might want
ter mefer to Leontict (1970}, Dechin and Szyld (1945), Leonticl and Duchin {1986} o5 to Steenge and Thissen
(2005} for critical summarics of many of these uttempls 1o avoid or counteract the singularity problem.
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output in the economy. or else there are ferminal values, specifying desired character-
istics of the system at the end of the period over which the model is being used (t =T
or T + 1). We investigate several possibilities in the case where T = 3,

Terminal Conditions  In (13.79), when T' = 3, this means = x* In
some versions of the dynamic input—output model {for example, Leontief, 1970), it is
simply assumed that we cannot {or don’t care 1) see beyond year T it is the last year
that is of interest, and so x7 ™1 = 0.7 In that case, the equations in {13.79) become

G -B 0 07

0 G -B @ ||« £

Al = - 380
00 G -B| | i AEsD
00 0 G||&° £

Since x* = 0. it disappears from the x vector in (13.79), and the last column of the
coefficient matrix in (13.79) is also unnecessary.

Given a set of final demands in the current year and in the next three years —
%, ¢! 12, and 7 - we could find the associated gross outputs in each of those years —
x x! a7, and ° - using the inverse of the matrix on the left in ( 13,80}, provided that
it exists. In fact. it can be shown — using results for the inverses of partitioned matrices
{Appendix A} and letting R = G 'B—that

G-B 0o o' [G!RG! RG! RG!
0 G -B 0 | o &' RG' RWG! R
0 0 G -B| “ | 0 et mrGg B
000 G [} 0 ] i

For an n-sector economy this will be a square matrix of order 4n. For a ime horizon
of T years, this matrix will be of order (T + 1}n: that is, it can become fairly large for
“reasonable” problems. For a ten-year planning problem in a 100-sector economy this
matrix will be T100 = 1100.

The particular structure of these equations when x” ©! = 0, as in {13 80}, allows for
a simple recursive solution procedure. Given £, find x* from

=G (13.82)
Using this value for x°, find %2 from the third equation in (12.79) as
=GB+ =6"'Be P+ =Rc'P+c7'F (1383

42 Brady (19093) calls this the “doom”™ or “doomsday™ scenorio imeaning, essenfially, that the world ends at the
end of perind T'). This reference includes an examination of alternative “trancations™ of the mairix in (13.79)
and discusses the allemative scenarios thal they refiect.
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In similar fashion, knowing x* and x°,
¥ =GB+ =G ' BRG'P 6P+ 1Y)
=RWG'P+RGE+6'! (13.84)
and finally
VoG B!+ =G BERGIP +RG 2 G 1Y)
axti—1_3 =23 —1_7 — 11 ___ 1N et
=Kt 'I'+RKR'G 'IFF4+EKL 'IT'"+6G 'F° [13.85)

This approach moves backward in time. starting at the end (%) and finishing at the
heginning ix"). " As the reader can see, this sequential solution procedure simply
carries out the computations embedded in the upper triangular inverse matrix (zeros
helow the main diagonal).

Instead of assuming that x7+! = 0in (13,79}, we could have some target value of x
for the first post-terminal year: that is, we could specify that x* = x*. Then the matrix
structure in {13.80) would be altered only in that £ on the right-hand side would be
replaced by £* + Bx*. The solution could still be found using the inverse of the matrix
on the left of (1 3.5(1), or the recursive solution, asin{ [3.82)—{ | 3.85). could proceed as
before.

Alternatively, one can specify that x7 ! = Hx", where H is a diagonal matrix whose
elements are exogenously set growth rates for each of the sectors in the first post-
terminal year. In that case. the last equation in (13.79) would be Gx® — BHx' = 7,
The matnx structure would be

G -B 0 0 X
0 G -B 0 '
A B %i|= (13.86)
0 0 0 (G-—BH)||x

and solution procedures would be as above.

Initial Conditions  Alternatively in assessing future impacts of current events,
itis often assumed that the initial (f = 0) values of all elements in the system are known
and then the usefulness of the model comes from its description of the values to be taken
by the varables of interest in subsequent years. From that point of view. we would
assume that both £* and x° have given initial values, This reduces the system in (13.79)

42 A particulur special case cmerges from (| 3851 IF we ane interested in o t-year planning period with produc-
lioa to salisfy a constant level of firal demand, £*. cach year. an extension of the result in {13.55) Jeads
! = I+ R+ R+ 2 RGP IF, as 1 gets lorge, the power series in brackets converzes
— us-we sow in Chapler 2 for the case of (T+ A + A% +--- + A" — then 27 = (I —R)'Ge.
Using N~ !M~! = (MN1~!, and since B = G'B. this i5 2! = |G - By~ '1* = (G — By 'f= and
so,withG =1 —A +B.x" =T -A)'" Fully. ss 7 — s =x! = - =x =x* w0
x* = (I— A1~ 1", This refcets the logical limiting case. When final demaad is constant and the time horizon
infinite. the output level is constunt and there is o need for capital growth.
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to 4n linear equations in 4n variables. Then, given exogenous values for £1.67, and £,
we could proceed sequentially from x! to x*. As opposed to the backward sequence in
(13.52) through {1 3.55), this one moves forward in time. From {13.749),

x! = BN Gx" —
=B 'Gx' — "
x =B lGx — %) (13.87)
=BG — D
This sequential solution procedure depends on the existence of B!,

The results found sequentially in (13.57) can also be found in matrix form if the
system in ( 13.79) is written as

-B 0 0 07 [x " — Gx

G —-B 0 0 || f!

0 C B o : =| g (13.88)
0 0 G -B||x* £

This reflects the fact that x” is now exogenously determined: it disappears from the top
of the x vector on the left and hence the first column in the coefficient matrix in (13.79)
also is removed. Then x' through x* can be Found by premultiplying hoth sides of
(13.5%) by the inverse of the coefficient matrix on the left, provided that inverse exists.
As before, the matrix on the left-hand side of (13.585) will be nonsingular if and only
if the matrix on its main diagonal, here B, is nonsingular. Again, repeated use of the
results on inverses of partitioned matrices will demonstrate that (letting § = B=1G)

B o o 07" -B-! 0 0 0
_ o -1 _p-1
G -B 0 0 _ E:B_L n_l t:u_l 0 (13.59)
0 G -B 0 -8B~ -SB -B 0
0 0 G -B -s'B! —s’GB~! —sB~! —B‘]J

Asopposed to the inverse matrix in the terminal conditions example, above, this inverse
is lower triangular (zeros above the main diagonal), and this feature also suggests a
recursive approach to solution that is illustrated by the sequence in (13.57), above.

13.4.3  Numerical Example 1
We illustrate the general workings of the dynamic input—output model using hypothet-
ical figures for a two-sector economy. Let

1.2 05 .o01] [ 95 199
A= [_3 _4} and B = [mn 05 } : then G = [—_299 65 }

For simplicity, let T = 2.
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"

— W b D | 10O ;| 120 1
Terminal Conditions  Suppose that £¥ = |:lﬂ|{)i|' = |:lj{} Land £ =

|:I4D]. If we assume thatx® = 0, then, as in 1382913 85)=but with T = 2 ratherthan

200
1.1649 0.3566
— n ackws . ol 0 -1 —
T = 3 - we can find the backward sequence x-. x', x". Here G~ = [0.5353 '-?025]

&0
2_ G-l = (234417 (13.90)
Y= = [4|5.5|J .
Then
2 21491
1 _ —lepl T 3
=G +Bl}_[3ﬁ|_94} (13.91)
and
0 —1 1 171.62
= k = 3
x' =6 "+ Bx) [26:}_96] (13.92)
Alternatively, using the full matrix form, as in (1 3.50), where
6" e'Be! GT'BYG!
G -B 0
0 G -B, =| 0 G! G~'BG™!
0 0 GJ
0 0 G! J
[1.1649 3566 784 0532 006l 0061 7
G358 L7025 0091 L1560 0090 0149
_ 1] 0 1.1649 3566 0784 0532 (13.93)
U] 0 5358 1.7025 0791 1560
0 0 0 0 1.1649 3566
L o 0 0 0 5358 17025 |

- . 2
we could find, simultaneously, these same values for x”, x'. and x°.

If, instead of x¥ = 0, we specify x7 = |:453i| (target values for outputs in the first
12.95

], so that only the equation for x? changes

post-terminal year), then Bx' = |:')'} 75
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slightly from the sequence in { 13.90)—(13.92), and

SR =
Xl =Gl +BY) = :é;;;
W=capmd =[]
In comparison with the k7, x!, and x? found above when x? = 0. the initial-year

outputs are affected very little by this change in post-terminal vear conditions. However,
x! is changed more than x” and x* more than x'. In matrix form,

G -B 0 :.P'I i’
0 G -B!|x'l= f!
00 GJ :J f3+Bx3J

and, using (13,93}, the same values of the gross outputs from both sectors in each period
can be found simultaneously.

- 5 100 .
Using the x” = 0 example again, let f'=f'=f= |:I{}Cli| . Then, from the inverse

in (13.93}, or from the backward recursive procedure. as above, we can find

[(166.537
24973

X
3
x=|x'| = | 10231 (13.94)
X

* 247.34

152.15
| 223.83 ]

Recall (footnote 39 that with constant final demands, £7, as the time period lengthens,

1.2

the results in each x' approach (I — A)~'f*. Here A = ['1 4l 5@

I—A)" 00 12500 4167 (100 [166.67
100] — | 6250 1.8750] [100] T [ 250.00
which is closely approximated by x" in (13.94), the outputs in the earliest year. As T

gets larger, subsequent values of x' will also approach [;ggg; . The interested reader

can confirm this by letting T = 3.7 = 4, and so on, using the same A and B and
constant final demand of 100 for both sectors. )
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Initicd Concitions  Taking an alternative point of view. suppose

o [100] o [120] . [140
f‘[mo]r—[nsa'f— 200

as before, but let xU = [;gg} Originally, with these final demands and x" deter-

171.61 T, N |
260.96}' as in ([292) We now select an

X" that is larger. Here, using the forward recursive procedure of (13.87), with

mined endogenously, we found K= [

L

200008 —04 i
-1 _ ,
= [ 04 20_0[)Ei|'“e find
336.87
I _ g gl
x =B YGx i) = |:426.S£|
and
2291.66
1 _p-l gl
x=B'Gx 'y = |: 488.9[}

. . . -B 0 .
Essentially the same values are found, using the inverse nf|: e B:| Lasin (13.88)

Here this inverse is

—20.008 0.4 0 0
0.4 —20.008 0 0
—384.305 92,522 =20.008 04

132.538 264347 0.4 —2{}.{K}8J

This example illustrates that the dynamic input—output model, at least in the simplified
form presented here, is very sensitive to the specification of initial conditions. We return
to this point in Numerical Example 2, below.

which

. . 171.62
If we use the same structure asin (1 2 57 vand (1 3.55), but withx" = |: }

260.96("

is the actual initial cutput found in (13.92) when x7 15 endogenous, we will generate
exactly the values of x l'and x7 that were found initially in{ 1391 ) and (1590}, Similarly,
166,33

) B . . 1060
3.0 . . 0 _ gl — 2
2¢g.?3i| from (1394}, in conjunction with f¥ = ' = - = []mi|

we generate exactly the sequence of outputs already found for that example — x' and
x% in {13.94), For either of these earlier examples, if we take the forward sequential
approach but with an initial x” that is less than that found with x” endogenous (and
using the same final demands), we will generate one or more negative gross outputs in
years after t = 0. The values for x" in (13.92) and (1 2.94) represent what is necessary
to satisfy the specified sequences of final demands with an economy whose structure
is reflected in the given A and B matrices, so any initial output that is less than that x”

0

if we use x” = |:
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will produce a sequence of additions to capital stock that eventually become inadequate
for future production. (Recall that, unlike the static input—output case. in the dynamic
model it is assumed that all sectors are producing at full capacity. )

13.4.4 Numerical Example 2

In order to illustrate a particularly sensitive feature of the dynamic input—output model
in its forward sequential form (starting from initial conditions), we select an alternative
capital coefficients matrix. In this new case, sector 1 is far more important as a supplier

. e . s 06 . ] -
of capital goods than is sector 2; here B = 0004 0007 |° Using the same A matrix
05 —14

—.2006 6007
different from the preceding example, the current G matrix is close to that in Example 1.
This is because G = (I — A 4+ B). and A is unchanged in the two examples.

as in the preceding example. we find G = |: :| MNote that while B is quite

Terminal Conditions  We use the same sequence of final demands — namely

o] (120 . [140
P = [100] r= [15{}]' and 7 = [2{]4}}
1

Again, letting x* = 0, we can find x*, x', x” sequentially, exactly asin (12.90) through

1.1361 2048

3.2 -1 = ‘hich is i 4 i i -
(1392, Here G |:.56E|']' ]_?968] {which is not a great deal different from G
in the previous example} and

2 [21201 | |218.10 g | 177.05
¥ = a0 ® T [asoas|t* T [25535
These results are different from those in the previous example, as is to be expected, but
not by much.

; ; 180
Initial Conditions  Using the same £°, ' and £* along withx" = |:2TCI from

the previous example illustrates the sensitivity problem. Here, because B has a row of
elements that are smaller than any of the elements in the previous capital coefficients

muatrix, its inverse can be expected to contain at least some larger elements. And indeed it

3636 —545:
does; here B~! = [fiﬁﬁ:%gd. 45;-;55442‘;5} which is very different from its counterpart

in the previous example. Thus

| _pliax? — 0 — g1 [3320] _ [—42042
¥ =BG - =B [s.za}—[mm}

and, much worse (the results have been rounded),

—45882] B [— 192, 000, {m}

T _p-lied el
X =BlGx' — ) =B [24594 159, 000, 000
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This illustrates that as the elements in one or more rows of Bbecome small, B! contains
very large numbers. Here |B| = 0.000011: if one were working with four-decimal
accuracy, one would conclude that B was singular.

Consider the determination of x', Rewriting, Bx! = Gx" — Y, and with A and B
{and hence G} given, along with ", the choice of x” then specifies the right-hand side
vector for this set of two linear equations in two unknowns. Denote a specific right-
hand side vector as r". In the easily visualized two-variable case, we could explore the
solution-space geometry of the pair of equations, Here

ebigl o ks 0 r
B_[ﬁll b:z}'x _|:x_l s r

.I!J||.T|| =+ |rJ|1.1‘_.!, = r‘]'-'

baix} + boaxl =18

We leave it to the interested reader to make sketches in solution space. However, it
is easy to show that both lines will have positive intercepts on the vertical axis {when
r? = 0, which by definition it must be) and that both will have negative slopes. Then
the conditions for the intersection of the two lines to be in the positive quadrant or on
its boundaries (that is. x! = @) can be derived. The values of .r%' and 7 must be chosen
so that p{:',"rg lies within the bounds set by byy /by and by3/b22. The generalization
to more sectors and to non-negativity of outputs further in the future — x>.x'. and so
on — 15 beyond this text. The point of the illustration 1s simply to highlight the kinds
of problems that can arise in the dynamic model when one wants to calculate forward
from initial conditions, using B-1.

Mote that in the first numerical example, b11 /b1 = 30 and byz /b22 = 0.02. In that
b — Izi;!;":' so that .l'?_;"r'gz' = (L86. which is indeed
within the bounds. In the second example, by /b2y = 125 and b2 /b = 83.7. For

example. in fact, Gx" — M = r

our initial choice of x” = [;gg] r?,-"r? = 33.2/8.26 = 402, which is oulside the

admissible range. A choice of x? = |:2I58603i|' however, would lead to x' = 0. since

r[l"l,n’r’:_,f' = 1156, while an initial x! = [zlsiﬂ?} generites r‘l",."r[; = 129.1, which means

that x' will not be non-negative. By any reasonable definition. this would appear to be
extreme sensitivity to initial values.

1345 “Dynamic™ Multipliers

The structure of the inverse in {1381} suggests the possibility of distributing impacts
backward over time. (This is described in Leontief, 1970, and it is also discussed in
C. K. Liew, 1977, for a regional model and further elaborated in C. 1. Liew. 2000 and
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200:5.) In these cases, it is usual to designate the current {or “target”™) period as period 0
and the preceding periods as —1.—2, etc. For example, consider the model in { 13.5())
and (13,51 1in "A” form

Ax? ¢! RG! RXG! RiG 1 [ar?

Ax?| | o 6! mG' RG-||ar?
Axl1 T o et RmeH||ar
Ax” 00 0 G-! Ar?
Let Af" = 0. Af' = AF? = A = 0 then the last column of the inverse on

the right is seen to distribute the direct and indirect input requirements backward over
time from period 0 in which the deliveries are made o final users. Here, Ax—3 =
RG'A1", Ax? = R2G'AF and ax~! = RG™ AFY, present demands reguire
both curment inputs and adeguate capital stock to support production of those inputs,
meaning production of capital goods in the preceding period, which in turn depends in
part on production two periods back, etc.

Motice that this intertemporil influence is not a result of the fact that production
takes time. it is entirely the resull of the capital goods component of the model in which
production for those goods depends on the changes in outputs over time, as reflected in
Bix' ' —xyin(13.77), Approaches to incorporating preduction lags in an input—output
model will be explored below, in section 13.4.6,

13.4.6  Turnpike Growth and Dynamic Models
In Chapter 2 we introduced the notion of a completely closed input-output model
as {1 — A)x = 0 or Ax = x. Recall that such an inpm-output model is in fact a
homogenesus systemn of linear equations which has a nontrivial solution (one other
than x = 0) if and only if |1 — Al = 0.

The corresponding closed dynamic model is

A BT — = {13.95)

I we assurme for simplicity that we can find an x'*! and x such that 2l industries grow
at the same rate in the economy. say, al rate &, then

LR (13.96)

This rate, ., is often referred to as a furmpike growth rate (all industries are growing
or declining on the same path — the “turnpike™). and it is interpreted as a general
indicator of the “health™ of the economy, that is, & = | indicates thal the economy is
expanding, () < & < | indicates that the economy is contracting, and k < 0 indicates that
the economy is unstable, that is, experiencing periods of both decline and growth over
time. Since k. is really only a theoretical number, how can it be computed? Substituting
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{13.96) into (13,95), we obtain

Ax' 4+ Blrx! — ) =«
Bix' =(I— A + B!
B~NI—A+Bi =hx'

or

Ox' = ux' (13.97)
where @ = B~'{1 — A + B). Note that (13.97) has the very interesting feature that a
scalar, b, multiplied by x°, vields precisely the same value s a matrix, Q, postmultiplied
by x!.

Such a problem is well known in applied mathematics as an eigenvalue problem
where b is the eigenvalue (sometimes called a characteristic value or latent root), and
x! corresponding to . in (1397}, is the eigenvector (sometimes called characteristic
veclor or latent vector). This problem is closely related to the solution of systems of
homogeneous linear equations. Note that we can rewrite ( 13.97) as

Q—iDx=10 {13.98)

for which there is a nontrivial solution if and only if

Q—ull=0 (13.99)
We consider the 2 x 2 case, with ) = E” 2|1i| 50 that
21 g2

—k 1 7
o i } ={qu =AMy —Iy—gugn =0=3"+bk+c

=M= ‘[ 21  gn—k

where b = —{g| + g2} and ¢ = g1 1g23 — g2g2). We find the solution o Qx = »x by
solving [Q — kI = Dor ¥+ hi+rc=0 Thisisa polynomial (sometimes called the
characteristic polyvnomial) which, when set equal to zero, is called the characteristic
equation: in this case it has two solutions, given by

= —tgn+gnit lgit + g2} — $(q11gz2 — quaga)]?
= 2

Denote these solutions as 4| and A2. The tumpike growth rate is defined to be the largest
eigenvilue found (see Carter, 1974), which we define as Amuy.
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Example

10 5
: —_plg_ -
Suppose Q=B (1 -A+B)= |:2_ﬂ I.Cl:| . then

Q=Al={1—A)l—3)—1=0
2—2%k=0
ih—2)=0

s0 Ap =0 and A7 = 2. The tumpike growth rate is Apay = 22 = 2. As mentioned earlier,
if gy = 0 then the economy is unstable. that is. oscillating. The interpretation of
negative A's can be specified more precisely by relating it to the solution of a system of
ordinary differential equations, but this is beyond the scope of this text. Canter (1974)
and Leontief and Duchin (1956) examine the notion of turnpike growth as an indicator
economic stability resulting from changes in technology in the United States.

1347 Alternative Input—Output Dynamics

In the standard input—output model, x = LE. there is no consideration of the fact that
production takes time; results are independent of time in the sense that " leads 10
™ via x™" = LE™"). This is generally interpreted in something like the following
fashion: “new demands, £, next period will lead to new outputs, X", next period.”
ignoring that sectors will generally have production lags {of differing length for different
sectors). This missing temporal characteristic of the inpul—output model was noted in
the early work of Dorfman, Samuelson and Solow (1958, pp. 253-254) where the
authors commenl on the absence of a “time™ aspect o the round-by-round process of
the power series for the Leontief inverse.

Meedless Lo say, the rounds of which we speak do not take place in calendar time. with the second
round following the first . .. Artificial computational time & involved, and if we insist on giving a
calendar-time inlerprotation we must think of the . . . process as showing how much production musi
be staried many periods back if we are to meet the new consumption targets today.

However. as observed by Mules ( 1953, p. 197}, with respect to the assumptions implicit
in using input-output multipliers.

The traditional multiplier does not stipulate the time taken to realize effects, assuming instead that they

usually occur almost immedistely or within the space of one year (o year being the usual accounting
period for which input-output data i compiled).

Starting around the mid-1980s, research emerged on ways to incorporate the notion
of time lags in production in an input—output framework. |References include Mules,
1953 ten Raa, 1986, 2005 (Chapter 13): Romanoff and Levine, 1986, 199(); and Cole,
1958, 1997, 19990.] Mules (p. 199) makes the assumption that each round of the power
series process does in fact take a finite period of (calendar) time, suggesting that a
typical period may be a month or a quarter. He further assumes that each sector is able
to respond in each period to the demands made upon it in the previous period, but with
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varying lags in this production response. As an illustration, he suggests a five-period
lag for primary sectors, one peried for manufacturing and no lag (that is, delivery next
period) for services. Simulation exercises lead to the conclusion that *. .. on some
oceasions there may be a significant proportion of multiplier effects still outstanding
after one year has elapsed. We may be in errorif we assume that all effects have ocowrrad
near the time of the original stimulus™ (Mules, 1983, p. 204).

This problem was also addressed in the work of Romanoff and Levine. A good deal
of their work on what they call the sequentizl interindustry model (SIM) appears in
unpublished discussion papers from the Regional Science Research Center (initially in
Cambridge, Mass. and later in Lexington, Mass. ). Possibly the first is dated 1980, so it
precedes (and is cited by) Mules. The authors recognize the fact that *. . it takes time
for each industry to produce its product beforehand and supply its own final demand
and that of the directly demanding industries. for the latter to use as inputs to their own
production” {Romanoff and Levine, 1900, pp. 1-2). A given ay is modeled as distributed
backward {over discrete time intervals); afj(k Wk =0, —1.—2.. ..} is the fraction of jj
(per-unit input of T by ) that occurs & periods before completion of’ production by f.

Ten Raa {1986) and Cole { 1985) identify technical coefficients as non-negative {con-
tinuous) distributions along the negative time axis (that is, backwards in time from
“now™). As in the dynamic models in sections 13.4.1-13.4.5, ten Rax also considers
capital accumulation. The specific nature, characteristics. and properties of the assumed
distributions are beyond the level of this text. The interested reader 1s referred to the
cited literature and additional references in those articles. Cole has successfully applied
his distributed-lag framework in a number of studies, especially at the small-area level.
In Cole { 1989) the illustration is a plant closure in Westarn New York. Assumed lags
are: 3 months for production sectors, 4 months for households, 18 months for local gov-
ernment activities and 36 months for investments.*” In Cole (19992} there is a stylized
illustration, including Miyazawa interrelationzl multiplier aspects. for a community (an
inner-city neighborhood in Buffale, New York). ™

135 Summary

In this chapter we have explored several applications and vanations of the input-output
framework. Structural decomposition analysis presents an approach to disentangling
the sources of change in some aspect of an economy into its component parts — for
example relating output changes to changes in demand and technology. We saw that
it is further possible to decompose the demand and technology changes into further
underlying components. And further lavers of decomposition are also possible. In a
large (many-sector) input—ootput model this approach rapidly generates a very large
set of results which are generally difficult to interpret without some kind of aggregation

45 Iy comparing his uppeoach with that of ten Ran or Romanoff and Levine, Cole {1959, p. 106 suggests that the
required computations necded in cither of those approaches . . . are still complex in uny practical situation.”

4 A vigorous exchange in print - Jackson, Madden and Bowman { 1067) — Cole (1997) — Jackson ond Madden
(1008} — Cole § 19995) — provides several illustrutions of Cole’s approach und comparisons of Cole’s work
with that of ten Ran und of Romanoff and Levine.
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{for example, finding averages): this, as usual, removes much of the detail which the
input—output model provides.

We also explored the variations that arise when the model 15 used to assess the impact
of exogenously spectfied oulputs for one or more sectors (rather than final demands),
or when a new sector is introduced into the economy. Finally, we sketchad the basic
features of the dynamic version of an input-model, where production for current input
use is coupled with production for capital goods. The dynamic model has bean much
less widely embraced in real-world applications, although there have been notable
exceptions — inciuding the work of Miernyk and his associates at the regional level
in the 1970s, Almon (1970, and other publications associated with the long-rnning
INFORUM project at the Umversity of Maryland) and Leontief and Duchin as well
as Duchin and her associates (for example, Leontief and Duchin, 1986; Duchin and
Szyld, 1285} An alternative approach to dynamics is represented in the sequential
input—output model and its varants that include the recognition of production lags in
an ECoOnomy.

Appendix 13.1 Alternative Decompositions of x = LBI

Alternative views of an input—output equation like x = LBF will generate somewhat
different decompositions. We explore three variations in this Appendix.

1. Using (1310} directly on x = LBF gives
Ax = (1/2ALBY + B'fY) + (/LY AB + L' AB)Y]
Effect of AL Effect of AB
+ (1/2)(L"B" + L'BYyAr)
Effect of AF

2. If we combine L and B. so that M = LB and x = Mf, and then use ( 13.7),

Ax = (120 AM)(EY + £Y) + (1720M° + M) (AF)
Since M = LB.
AM = (120 ALNB® + By + (/2L + L'y AB)
50 that
Ax = (1/2)[(1/2)(ALWBY + BY) + (1/20(L° + LYyaB)ie® + £
+ (1/2)M® + M) AF)
= (4 ALWBY + BY " + B 4+ (/40" + LYy aBu” = 1)
Effect of AL Effect of AR

+ (12 (M™ 4+ MY AR
Effect of AT
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And, again since M = LB, the last term is (1/2)(L"B" + L'B")(Af), asin (1).

Effect of AF
3. If we combine B and £, so that ¥y = Bf and x = Ly, and then use (12.7),

Ax = (120ALGY + 3" + (/2L + LYiay)
Since y = Bf,
Ay = (1720ABNE" +£1) + (1/2)(B" + B'yAp)
5o thil
Ax = (AL + ¥+ (2l LYo 2 A + £
+(1/2)(B" + By an)]
= 1];‘211;3L1u.-'” + yl b4+ 1;4:1_!_” +LYyaBya + 1Y
Effect of AL Effect of AR

+ (/L + L'yB" + Bhian

Effect of At

and since ¥y = BE. the Arst term s ( L2 ALNBYY + By, asin (1),

Effect of AL

Table A13.1.1 sammarizes these results. Terms that do not appear in Equation (1) are
boxed. Forexample, in Equation (2), AL appears in two terms — { ALWBYY +B't!) and
{AL)(B ! + B'F?) - but each is weighted by (1/4) instead of the { 1/2) in Equation (1).
The amount by which { 1/2){ AL) (B9 B EY) differs from ( VD[ ALVBO B+
(AL}B ! + BYY)| depends entirely on the difference between (BYF? + B!y and
{B"f! +B't%) Similar observations can be made for the weightings on AB in Equations
(2} and {3) vs. Equation {1} and on the weighting on AF in Equation (3) vs. Equations
(1} and (2).

Appendix 13.2 Exogenous Specification of Some Elements of x

Al321  The General Case: An n=sector Model with k Endogenous Outputs
The general representation for an n-sector model with (the first) & gross outputs and
(the last) {r — k) Anal demands endogenous was given in {13.57) in the text as

; it e
I—A%y 0 ) I A (sl
B (A13.2.1)
—Aa -1 £ 0 —(I— A b ol
[in—kix 1 in—kyxl
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(I—Aky @ 1 Al
Letting M = and N = . ind using results
—Az -1 0 —{1-An)
from Appendix A on inverses of partiioned matrices.

L) 0
M = .
. 11 B |

[where (I — A% ~! = L%} and so

L-:kl L{Alf’l-ll
MIN =
—.‘\yl."h 1—Axn)— A:]L[*JA]:

This product reflects not only the resulls on inverses of partitioned matrices bul also
the specific structure of those matrices in (A 13.2.1) — especially the locations of 0 and
I submatrices and their influence in the partitioned matrix multiplication, Thus

X L& L‘j:'rl['r e
£ ) (A13.2.2)
b il —An L™ {1 — A —A:JL'“AH x“

[This is {13 .58) in the text.]
If f* = 0. the influence of the specified exogenous outputs, X, on the endogenous
outputs, x*, is given by

X" = LA (A13.2.3)
which was (in A" form) (13.59) in the text.
Al3.2.2  The Outpui-to-Ontput Multiplier Mairix
For a three-sector model, we saw that an “output—to—output” multiplier matrix was

created from L'/ through division of each element in 4 column by the on-diagonal
element for that column, namely

k|
J|r.'1‘:- I|u.’-l I!ll:'ﬂ- 1 'l'.!l 'll.'-I
TR EERE B
13) K} 3 K] 1)
3 3p i3 3 I L' 5 1 i)
| R .I'I:l? .fi_ll .I';_-,II and (LW |l BTl o S g —
11 13 I Iy 551
J'rj:' ||'|!II II’I"'I l||.1| 13 I.|3- ﬂ.- L;-I- 1
LY ¥ 3 " 1] L3}
R s TR
—'III a 13-
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A13.23  The Inverse of a Partitioned (1 — A"y Mairix
Let
: E F
) (I —A[m] —Ap {kuk) [k xin—k)
(I—AMY = = {A13.24)

—Aa| (I—Azm) G H
[in—kysk] [n—k}xim—k}

Then. again using results on inverses of partitioned matrices,

5 T
(kxk) [k xtn—ky)
(I—Abh~t L — (A13.2.5)
U Y
[tn—ky=k]  |[{n—k)=(n—k}]
The important result from Appendix A s that T = —E-'FV, or
—E'F=TVv"! (A13.2.6)

AI324 TheCaseofk =2.n=3

We now use the results in the preceding sections of this Appendix to examine the
specific case of a three-sector model with x3 = ¥3, This was the subject matter of the
examples in section 13.2.3 in the text. In this case, (A 13.2.3} bacomes

(28 2¥
) : Hi b &
e ke E55 sy o Toles e L N b (A13.27)
Az e l,l]l 12y k] -
.4

N < 5 —id13 - ;
Intermsof (AI32 4. E={01—-A"""and F = [ . ]. g0 (4 13.2.7) can be wrilten
—dLi23

= _E-'F (A13.2.8)

In the alternative approach, the exogenous specification of x3 = X3 is represented by
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3=l 1323) (3xl)
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r]"
where x* = | 2| . Here
x3
[
.
Iy I3
- . 3 3
ot e LI:“ * LII 1:'::
LIJI* — |2 1 %_ _ =
lr:'!l |l_'1:1I - 131 v (34
| Lz Laa |
l[|.1| i3
T i J
K] [E]]
BT
and {A413.2.9} can be alternatively expressed as
) 0]
X1 [T (3%
L L —|
xg—‘ _ | 12 0

(3=

SO R
x_qj 4| 22 -Tr.:J
In particular,

X = [ﬂ = L35 (A13.2.10)

and

. -
x3=Ly; k3 =13

(3 .T'T (3}
From (413.2.5). T = ]: e [f_%‘}‘l andso TV ! = o= L: . Therefore,
i._;'l 'li_;_ !l_lr._‘lx
- ey .
the results in (A4 13.2.10) can be expressed as '
l|l[.-":lss
en LI ==
= e =TV 'x (A13.2.11)
[

Conclusion: since —E~'F = TV ™! (A13.26), the results in (A 132 8)and (A13.2.11)
are equivalent. This will be true for an input—output model of any size in which x, is
made endogenous. It will rot be true in an input—output model in which more than one
output is made exogenous. We examine why in the next section.

AI32S5 The Caseofk =1, n =3
The case in which more than one output is exogenous can be illustrated for a three-sector
model in which x2 = 77 and x3 = ¥3. The results generalize to any n with & = {(n — 1},
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Appendix 13.2 661
For this example, where (n — &) = 2,
(1 —ayy) o 0 a3
M= —ii] —1 0 [ —11 — am) 17
—ii3] o —1 33 —(1 — a3z}
Ir:l|
and M~' = | gyl —’
—|::|'_1|.I”i|ll lJ

The parallel to (A13.2.7) 1s

R oo .. | ISR— | x
=[x1]=L A|_|:Tc3j|_{i iy} [ﬂ[_ :!]1J|:?:|

From section A13.2.3, it is easily established that E'l=(1 - -::”h_J and

F=[—fr13 —:u_:_] and so
o e
lxi] = —E 'F[.ﬁ}

i

Here we find

T= (31 i3} v — 'Iﬂj !”.‘-? diel T't"_l a3 3 @;I '“;-::J
=l L3~ = | ey ey I = i3] a @
b f 2

MNotice how the dimensions of T and V have been aliered in this case. Because of
{AL3.2.6), we can write

- 13y Hl -1 =
Ll =TV -l[;;]=[;"' .'”’] ‘l.g, 3 [‘:1] (A132.12)

3r fa3

On the other hand, now

I||1| 18} ll-|.‘-:- I|-.1| ridi

; Iy I o Dy

. s ] L % o
IlI i Al '3 'I_Z 'I3.'- 3 .
. = LEIES (EFEY
Ll _ |8 _ @ @] _ (B L
[ | r ! = (3 (3
Tl 1 kit L'.;I s
1 ] I|-l‘-: I|-II| = E

1 3
,—5.- e

(notice how the matrix partitions have moved), and the parallel o the result in
(A13.2.10)y becomes

s =1 TR i B -
=[x ] = L-:'l“ |:1_:| - |:Irri'__l||¢ 'r'iili| |:E-:| — |:|IT%T I:_|;'_:| |:i_’_:| (A13.2.13)
13 33 4 X3 f: e} X3
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Clearly, the results in (4132, 12) differ from those in (A13.2.13}). Only the results
in {A13.2.12) are valid, because they are derived from the fundamental input-output
model for mixed exogenousfendogenous variables — (13.57) in the text,

The prohlem occurs because when more than one output is made exogenous — & =
(n— 1) lor (n—k) = 1]—the immediate conseguence is that T changes from a column
vector to a matrix (with g — k columns) and ¥~ changes from the reciprocal of a
scalar to the inverse of an (m — k) = (n — &) matrix, As a result, the operation ™!
no longer produces a column of elements that have been divided by the on-diagonal
element in that column but rather o mairix of elements that differ from the elements in
L*. (Notice that if ¥ were a diagonal matrix then the operation TV would in fact
produce a matrix with elements from L*; but since ¥ is a submatrix from LY it will
nat be diagonal.)

Al326  “Extracting” the Last (n = k) Sectors

Assume, again, that outputs for the last (nm — &) sectors in an n-sector input—
output model have been made exogenous. Then modify the A™ coefficient
matrix by replacing all coefficients in the last {n — k) rows with zeros, creating

Ay An
o {kxk) k= in—k¥] - .
AW — with an associated
[tn—ky=k]  [in—k)=in—k)

. T—A%y A E F
(I—A"H = = and
1] 1 G H

i1 _‘:il,.llla—l e I:ml =
u v

Using results from Appendix 4. G = Omeans that U = 0and § = (=AW= = Lk,
Also,since H=L ¥ =L Finally. T = L‘*’A;g and so0

LE LA,
E‘n;Jrl — i
0 1
Finally, then.
L . e Lik L"'hﬁu Fe
= LUI‘I =
t‘l"” xe’.l’ u I x:"l’
and the results for x™ will be exactly the same as given in (4 13.2.2) since the upper two

submalrices here are identical to those in that equation. [We leave it as an exercise for
the interested reader (o show that it is immaterial whether the sectors with exogenous
outputs are represented as the last (m— k) sectors, as here, or as the firs! (n— k) sectors. ]
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Problems 663
Problems
13.1 Consider two inpul-output economies specilied by
10 20 30 6l 13 25 40 15
=35 3 05| P=|40|s Z'=|1275 W s =55
20 40 60 35 10 30 40 40

We seek 1o measire how the economy has changed in structure in one vear, specified
by Z£! and ', relative 1o an earlier year [or the same economy, specified by £ and
1", Compute for each sector the change in total output between the two vears Lhal
was atiributable to changing final demand or to changing technology.

14 76 46
13.2 Consider an input-oulpul economy specified by £ = [ 54 22 5 | andl =
68 71 94
100
200 | where the three industrial sectors are manulaciuring, oil, and electricity.
175

a. Suppose economic forecasts determine that total domestic output for oil and elec-
trcity will remain unchanged in the next year and final demand for manufactured
soods will increase by 30 percent. What would be the mput—output projections
of final demand for oil and eleciricity and the total outpul of manufacturing?

b. Il instead the final demand for manufactured poods increased by 50 percent instead
of 30 percent, what are the new projections of final demand for il and electricity
and the total output of manufactunng?

13.3 Consider the impact on the economy of Problem 2.1 of the establishment of a new

economic sector, finance, and insurance (sector 3).

a. Suppose you know that the total output of this new sector will be $900 during
the current vear {its first vear of operation), and that its needs [or agricultural
and manufactured goods are represented by ay3 = 0.001 and a2y = 0.07. In the
absence of any further imformation, what would you estimate to be the impact of
this new sector on the economy?

b. You later learn { 1) that the agriculiure and manulacturing sectors bought $20 and
$40 in linance and insurance services last year from loreign firms (i.e., that they
imported these inputs), and (2) that sector 3 will use %15 of its own product for
each 5100 worth of its output. Assuming that they will now buy from the domestic
sector, how might you now assess the impact of the new sector on this economy”!

13.4 Recall the Craria economy from problem 2.1, Next year's projected total outputs
in millions of doflars for agricullure, mining. and civilian manufacturing in Craria
are 4,538, 5,603, and 3,079, respectively, and final demand of military manufac-
tured products 15 projected o be $2,050 million. Compute the GDP and 1otal gross
production of the economy next year,
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Structural Decomposition, Mixed and Dyvnamic Models

Consider an input-output economy with technical coefficients defined as A =

03 0l ; oo : A 003 . .
I:U: 0.8 ] and capital coellicients defined as B = [ 005 000 ] Current final

2 100
U
demand 15 Y = |: 100

] and the projections for the nexl three years for final demand

i 125 150 ; 185 . i
. e 2 el £ ey :
are given by [! = [ 160 ].t’ = [ l'.l'.‘r] and [ = |:EU[.'I ].\-\-e are not interested in

total output for beyond the projection three vears. but what would be the projections
of totud output for this economy 1n the nesi three years?

136 Consider the following closed dynamic input—outpul model. Ax 4+ Bix' —x) = x

13.7

1348

where x' = [ulure outputs, X = current outputs, and where A = I::T :;] and

B= |:qu [}{'JI:|. Assume that 8 = Ax. where 4 15 some scalar (the wrnpike growth
rate): compute .
Given the closed dynamic mput—output model Ax + B(x' — x) = x, where

0.1 0.2 01 0
A=[u.3 [}.4} ""dﬂ=[ 0 t}.l]

a. Compute the turnpike growth rate for this example.

b. If both the capital coellicients lor the first industry (the first column of B) are
changed 1o 0.1, then what is the new wrnpike growth rate and what has happened
to the apparent “health” of the economy?

Consider an input-output economy with techmical coeflicients defined as A =

2
[E; ::; ] and capital coellicients delined as B = [ ::._,21 "'EJJZ :| Current final
185

demand is I = |:"LHJ] and final demands for the previous three years are given

by f-1 = [ :?g :| -2 = [ :a ] and -3 = |: i% :| Compute the “dynamic”
multiphers for this economy that show how direct and indirect inpul requirements
for final demands in period O are distributed backward over time for the previous
thres years.

139 Consider A. L, and [ for the US economy provided in Appendix B [or the years 1972

and 2002, Compute the changes in total output betwesn 1972 and 2002 for all sectors
attributed to changes in final demand and 1o changes in technology.

1310 Consider the 2005 US inpul-output wble provided in Appendix B, Suppose our

economic {orecast projects for 2010 a |0 percent growth in linal demand for agricul-
ture, mining, and construction. a 3 percent growth in final demand for manufactured
goods, and a 6 percent growth in total output for the rade. ransportation. utilities,
services, and other economic sectors, What are the corresponding input—output esti-
mates of tolal output for agriculture, mining, construction, and manufacturing as well
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us the estimates of final demand for trade, transportation, utilities, services, and other
economic sectors?

References

Afrasiabi, Ahmad and Stephen D Casler. 1991, “Product-Mix and Technological Change Within the
Leontief Inverse,” Jowrnal aof Regional Science, 31, 147-160.

Almon, Clopper. 1970, “Investment in Input-Output Models and the Treatment of Secondary Prod-
ucts,” in Anne P. Carter and Andrew Brady (eds. ), Applications of Inpul-Chatpal Arnalysis, Vol
2 of Proceedings of the Fourth International Conference on tnput-Owipur Technigues. Geneva,
1268, Amsterdam: North-Holland pp. 103-116.

Barker, Terry. 1990, “Sources of Structural Change for the UK Service Industries, 1979-84.7 Econamic
Systems Research, 2, 173-183.

Beadek, Roger H. and Robert M. Wendling. 1976, “Disaggregation of Structural Change in the
American Economy: 1947-1966.7 Review of Income and Wealth, 24, 93-104.

Brody, Andrew. 1995, “Truncation and Spectrum of the Dynamic Inverse.” Ecomomic Syvstems
Research. 7, 235-247.

Carter, Annc P. 1974, “Encrgy, Environment and Economic Growth,” Bell Journal of Econemics, 5,
5TH-594,

Casler, Stephen . 2001, “Interaction Terms and Structural Decomposition: An Application o the
Defense Cost of Q6L in Michael L. Lahr and Erik Dietzenbacher (eds. ), fnpul-chutpat Analysis:
Frontiers and Extensions. New York: Palgrave, pp. 143160,

Casler, Stephen D, and Bruce Hannon. 1989, “Readjustment Potentials in Industrial Energy Efficiency
and Structure,” dowrnal of Environmental Economics and Management, 17,9308,

Casler, Stephen D Ahmad Afrasiabi and Michae]l McCauley. 1991, “Decomposing Change in Energy
Input-Output Coefficients.” Resowrces and Energy, 13, 95-109,

Chenery, Hollis B, 1960, “Patterns of Industrial Growth,” American Economic Review, 50, 624-654,

Chenery, Hollis B., Shuntaro Shishido and Tsunchike Watanabe. 1962, “The Pattern of Japancse
Growth, 1914-1954."" Econometrica, 3, 95-139.

Caole, Sam. 1988, “The Delayed Impacts of Plant Closures in a Reformulated Leonticf Model,” Papers
af the Regional Science Associalion, 63, 135-149,

1989, “Expenditure Lags in Impact Analysis,” Regional Studies, 23, 105-116.

1997, “Closure in Cole’s Reformulated Leontief Model: A Response o R. W. Jackson, M. Madden
and H. A, Bowman.” Papers in Regional Science, Th, 2042,

1990y, “In the Spirit of Miyazawa: Multipliers and the Metropolis.” in Geoffrey ). D. Hew-
ings. Michael Sonis, Moss Madden and Yoshio Kimura (eds. ). Understanding and Interpreting
Economic Struciure. Berlin: Springer, pp. 263-286.

1999b. “The Phantom of the Matrix: Inverting the Case on Closure in Cole’s Model,” Papers in
Regional Science, TR, 429436,

Dietzenbacher, Erik and Bart Loz, 1997, “Analyzing Decomposition Analyses,” in Andris Simonovils
and Albert E. Steenge (eds. ). Prices, Growtl and Cyeles. London: Macmillan, pp. 108-131.

1994, “Structural Decomposition Technigues: Sense and Sensitivity,” Economic Svstems Research,
b, M¥T-323,

Dictzenbacher, Erik and Rutger Hoekstra. 2002, “The RAS Structural Decomposition Approach,”
in Geoffrey 1. D. Hewings, Michael Sonis and David Boyce (eds.), Trade, Networks and
Hivrarchies. Modeling Regional and Inlerregional Econmmies. Berlin: Springer, pp. [ 79-199,

Dorfman, Robert, Paul A. Samuelson and Robert M. Solow. 1958, Linear Programming and Economic
Anmalysis. New York: McGraw-Hill.

Duchin, Fave and Daniel B, Seyld. 1985, “A Dynamic Input-Output Model with Assured Positive
Cutpul,” Mertroeconamica, 37T, 200-282,

http://site.ebrary.com.libproxy.mit.edu/lib/mitlibraries/docPrint.action?en...

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.

Cambridge, , GBR: Cambridge University Press, 2009. p 665.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=699

Copyright © 2009. Cambridge University Press. All rights reserved.

May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable

copyright law.

04/01/2011 17:19



Input-Output Analysis : Foundations and Extensions

14 of 16

filala] Structural Decomposition, Mixved and Dyvnamic Models

Eiser D and D. Roberts. 2002, “The Employment and Output Effects of Changing Patterns of
Adforestation in Scotland,” Jewrnal of Agricultural Economics, 53, 65-581.

Evans, W, Duane and Marvin Holfenberz, 1952, “The Interindustry Relations Study for 1947, Review
of Economics and Statistics, 34, 97142,

Feldman, Stanley 1. and Karen Palmer. 1985, “Structural Change in the United States: Changing
Input-Output Coefficients,” Businesy Econonics, 20, 3354,

Feldman, Stanley J., David MeClain and Karen Palmer. 1987, “Sources of Structural Change in the
United States, 1963-78: An Input-Output Perspective,” Review of Economics and Stalistics, 69,
S03-510.

Findeis, Jill L. and Norman K. Whittlesey. 1984, “The Secondary Economic Impacts of Irrigation
Development in Washington,” Western Jowrnal of Agricultural Economics 9, 233-243,

Fromm, Gary. 1968, “Comment on Vaccara and Simon,” in John W. Kendrick (ed ), The fndustrial
Compaosition of Income and Product. New York: Columbia University Press, pp. 59-66.

Fujimagari. David. 198%, “The Sources of Changes in Canadian Industry Outpul,” Ecenomic Svslems
Research, 1, 187-201.

Fujita, Natsuki and William E. James. 1990, “Export Oriented Growth of Output and Employment in
Tuiwan and Korea, 1973/74 — 1983/84. Welhwintschaftlisches Archiv, 126, 7T37-753.

Holland, David and 5. C. Cooke. 1992 “Sources of Structural Change in the Washington Economy,”
Annals of Regional Science, 26, 155-170.

Isard, Walter and Robert E. Kuenne. 1953, “The Impact of Steel wpon the Greater New York-
Philadelphia Industrial Region.” Review of Economics and Statistics, 35, 289-301.

Juckson, Randall W.. Moss Madden and Harry A. Bowman, 1997, “Closure in Cole’s Reformulated
Leontief Model.” Papery in Regional Science, T, 21-28.

Juckson, Randall W.and Moss Madden. 1999, “Closing the Case on Closure in Cole’s Model,” Papers
i Regional Science, 78, 423427,

Johnson, Thomas G and Surendra N, Kulshreshtha, 1982, “Exogenizing Agriculture in an Input-
Output Model to Estimate Relative Impacts of Different Farm Types,” Western Jourmal of
Agriculinral Economics, 7, 187-195.

Kagawa, Shigemi and Hajime Innmura, 2001, “A Structural Decomposition of Energy Consumption
Based on a Hybrid Rectangular Input-Output Framework: Japan's Case.” Econamic Svsiems
Research, 13, 330-363,

Leontief, Wassily. 1970 “The Dynamic Inverse,” in Anne P. Carter and Andrew Brody (eds. ). Contri-
butions fo Inpui-Cutput Analvsis, Vol. | of Proceedings of the Fourth International Conference
on Inpui-Chilpul Technigues. Geneva, 1968, Amsterdam: Morth-Holland, pp. 17-43.

Leonticf, Wassily and Fave Duchin. 1986, The Future Impact of Awlomation en Workers. New York:
Oxford University Press,

Leung. PingSun and Sam Pooley, 2002, “Regional Economic Impacts of Reductions in Fisheries
Production: A Supply-Driven Approach.” Marine Resource Ecenomics, 16, 251-262.

Liew, Chong K. 1977, “Dynamic Multipliers for a Regional Input-Output Model, ™ Annals of Regional
Sefence, 11, 04106,

Liew, Chung J. 2000 The Dynamic Variable Input-Cutput Model: An Advancement from the Leontiel
Dyvnamic Input-Crutput Model,” Arnals of Regional Science. 34, 591-614.

2005, “Dynamic Variable Input-Output {¥10) Model and Price-Sensitive Dynamic Multipliers.”
Annals af Regional Science, 39, 607-027.

Lin, Xiannuan and Karen R. Polenske. 1995, “Input-Output Anatomy of China’s Energy Use Changes
in the 1980s. Economic Systems Research, 7. 6734,

van der Linden. J. and Erik Dietzenbacher. 2000, “The Determinants of Structural Change in the
European Union: a New Application of RAS.” Enviremment and Planning, 32, 205-229,

Liu, Aying and David 5. Saal. 2001, “Structural Change in Apartheid-era South Africa: 1975-1993.
Economic Systems Research, 13, 235-257.

http://site.ebrary.com.libproxy.mit.edu/lib/mitlibraries/docPrint.action?en...

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.

Cambridge, , GBR: Cambridge University Press, 2009. p 666.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=700

Copyright © 2009. Cambridge University Press. All rights reserved.

May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable

copyright law.

04/01/2011 17:19



Input-Output Analysis : Foundations and Extensions

15 0of 16

References a67

Martin, R. P and David Holland. 1992, “Sources of Output Change in the U.S. Economy,” Growth
and Change. 23, 436468,

de Mesnard, Lowis. 2004, “Biproportional Methods of Structural Change Analysis: a Typological
Survey,” Economic Svstems Research, 16, 205-230.

2006, “Measuring Structural Change in the 1-0 Production Function by Biproportional Methods:
A Theorem of Price Invariance,” Papers in Regional Science, 85, 450464,

Miernyk, William H., Kenncth L. Shellhammer. Douglas M. Brown, Bonald L., Coccari, Charles
1. Gallagher and Wesley H. Wineman. 1970, Simulating Regional Economic Development: An
Tterindustry Analysis of the West Virginia Econonry, Lexington, MA: DUC. Heath and Co.

Miernyk, William H. and John T. Sears. 1974, Air Pollution Abatement and Regional Economic
Development. Lexington, MA: D.C. Heath and Co.

Miller, Ronald E. 1957 “The Impact of the Aluminum Industry on the Pacific Northwest: A Regional
Input-Output Analysis,” Review of Econommics and Stalistics, 39, 200-2040_

Miller, Ronald E. and Gang Shao. 1994, “Structural Change in the U5, Multiregional Economy,”
Structural Change and Economic Dvnamics, 5, 41-72,

Mules, Trevar 1. 1983, “Some Simulations with a Sequential Input-Output Model.” Papers of the
Regional Science Association, 51, 197-204,

Oosterhaven, Jan and Jan A van der Linden. 1997 “European Technology, Trade and Income Changes
for 197585 An Intercountry Input-Output Decomposition,” Ecencmic Svstems Research, 9,
303411

Papadas, Christos T, and Dale C. Dahl. 1999, “Supply-Driven Input-Output Multipliers,” Jowrnal of
Agricultural Econamics, 50, 269285,

FPetkovich, M. D. and ©. T. K. Ching. 1978 “Maodifving a One Region Leontiel Input-Output
Muaodel w Show Sector Capacity Constraints,” Western Jowrmal of Agriculiural Economics, 3,
173179

ten Raa, Thijs. 1986, “Dynamic Inpul-Output Analysis with Distributed Activities,” Review of
FEranomicy and Slalistics, 68, 300-310.

2005, The Ecomemics of fnput-COutpat Analysis, Cambridge, UK: Cambridge University Press.

Ritz. Philip M. and Elizabeth Spaulding. 1975, “Basic -0 Terminology,” unpublished memoran-
dum, U 5. Department of Commerce, Burcau of Economic Analysis, Interindustry Economics
Division, February 25

Roberts. D. 1994, A Modified Leontiel Model for Analysing the Impact of Milk Quotas on the Wider
Economy.” Jeumal of Agricultural Ecomomics, 45, 90-101.

Romanoff, Elishu and Stephen H. Levine. 1986, “Capacity Limitations, Inventory, and Time-Phased
Production in the Sequential Interindustry Model,”™ Papers of the Regional Science Association,
S50 Ti-0l.

1990, “Technical Change in Production Processes of the Sequential Interindustry Model,”
Metroecomomica, 41, 1-15,

Rose, Adam and Chia-Yon Chen. 1991, “Sources of Change in Energy Use in the U.S. Economy,
1972 1982: A Structural Decomposition Analysis,” Resouwrces and Energy. 13, 1-21.

Rose, Adam and Stephen D. Casler. 1996, “Input-COutput Structural Decomposition Analysis: A Critical
Appraisal,” Economic Svitems Research, 8, 33-62.

Roy. Sikhanwita, Tuhin Das and Debesh Chakraborty. 2002, “A Study on the Indian Informa-
lion Sector: An Experiment with Input-Cutput Techniques.” Economic Svsiems Research, 14,
o7-124%

Schumann, Jochen. 1990, “On Some Basic Issues of Input-Output Economics: Technical Strue-
lure, Prices, Imputations, Structural Decomposition. Applied General Equilibrium,” Ecenomic
Systems Research, 2, 229-239.

1994, “Docs 1t Make Sense 1o Apply the Static Open Input-Output Model for Imputation and
Structural Decomposition™” Economic Systems Research, 6, 171-174.

http://site.ebrary.com.libproxy.mit.edu/lib/mitlibraries/docPrint.action?en...

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.
Cambridge, , GBR: Cambridge University Press, 2009. p 667.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=701

Copyright © 2009. Cambridge University Press. All rights reserved.

May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable

copyright law.

04/01/2011 17:19



Input-Output Analysis : Foundations and Extensions

16 of 16

filat] Structural Decomposition, Mixved and Dyvnamic Models

Siegel, Paul B., Jeffrey Alwang and Thomas G. Johnson. 1995, “Decomposing Sources of Regional
Growth with an Input-Ouiput Model: A Framework for Policy Analysis.” Intemational Regional
Sefence Review, 18, 331353,

Skolka, Jir. 1989, “Input-Outpat Structural Decomposition Analysis for Austria,” Jowrnal of Policy
Moaodeling. 11, 45-66.

Stiiglin, Rainer and Hans Wessels. 1972, “Intertemporal Analysis of Structural Changes in the German
Economy.” in Andrew Bridy and Anne P Carter (eds.), Inpui-Ohwipud Technigues, Proceedings
of the Fifth International Conference on Inpul-Outpat Technigues. Geneva, 1971, Amsterdam:
MNorh-Helland, pp. 370-392,

Steenge. Albert E. and Mark 1. P M. Thizsen. 2005. “A New Matrix Theorem: Interpretation in Terms
of Internal Trade Structure and Implications for Dynamic Systems.” Journal of Economics, 84,
7194,

Steinback, Scott. 2004, “Using Ready-Made Regional Input-Output Models 1o Estimate Backward
Linkage Effects of Exogenous Outpul Shocks.” Review of Regional Studies, 34, 57-71.

Syrquin, Moshe. 1988, “Patterns of Structural Change,” in Hollis B. Chenery and T. M. Srinivasan
(eds. ), Handbook of Development Ecomonrics, Vol. |, Amsterdam: North-Holland, pp. 203-273.

Tanjuakio, Rodolfo, Steven E. Hastings and Peter 1. Tytus, 1996, “The Economic Contribution of
Agriculure in Delaware,” Agricwliwral and Resource Economics Review, 25, 46-53.

Ticbout, Charles M. 1969, “An Empirical Regional Input-Outpul Projection Model: The State of
Washington 1980,” Review of Economics and Slatistics, 51, 334-340.

US Congress, Office of Technology Asscssment (OTA) 1990, Energy Use and the U8 Economy.
OTA-BP-E-57. Washington, DC: U. 8. Government Printing Office.

Vaccara, Beatrice and Nancy W. Simon. 1965, “Factors Affecting Postwar Industrial Composition of
Real Product,” in John W, Kendrick (ed. ). The Idustrial Composition of Income and Product.
Mew York: Columbia University Press. pp. 19-58,

Wier, Matte. 1995, “Sources of Change in Emissions from Energy: A Structural Decomposition
Analysis,” Econemic Systems Research, 10, 99-111.

Wolll, Edward N, 1985, “Industrial Composition, Inter-Industry Effects, and the U8, Productivity
Slowdown.” Review of Economics and Statistics, 67, 268-277.

Miller, Ronald E.; Blair, Peter D.. Input-Output Analysis : Foundations and Extensions.
Cambridge, , GBR: Cambridge University Press, 2009. p 668.
http://site.ebrary.com/lib/mitlibraries/Doc?id=10329730&ppg=702

Copyright © 2009. Cambridge University Press. All rights reserved.

May not be reproduced in any form without permission from the publisher, except fair uses permitted under U.S. or applicable

copyright law.

http://site.ebrary.com.libproxy.mit.edu/lib/mitlibraries/docPrint.action?en...

04/01/2011 17:19



	M&B 2009 16 - Ch 13 Strut Decomp, Mixed & Dynamic Models.pdf
	M&B 2009 16.2 - Ch 13.2 Strut Decomp, Mixed & Dynamic Models.pdf

